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PUBLISHER’S PREFACE 


THE READER may be interested in having more bibliographical detail than can 
be found on the title page of the present work or on the verso of the title page. 

To begin with: Professor Landau gave a six-semester course on Number 
Theory at the University of Gottingen, which was published in three volumes 
as Vorlesungen tiber Zahlentheorie (Leipzig, 1927), each volume being in 
two sections. The titles of these six sections are Aus der Elementaren Zahl- 
entheorie and Aus der Additiven Zahlentheorie (Vol. I), Aus der Analyt- 
ischen Zahlentheorie and Aus der Geometrischen Zahlentheorie (Vol. IT), 
and Aus der Algebraischen Zahlentheorie and Uber die Fermatsche Ver- 
mutung (Vol. IIT). ‘ 

When Vorlesungen iiber Zahlentheorie was reprinted in 1947, the part 
on Elementary Number Theory was issued separately as Elementare Zahlen- 
theorie, with a German-English vocabulary. This made the book somewhat 
more accessible to students ; but it was hoped that the book would ultimately 
become available in English, and this hope is now realized. 

The present work, then, is a translation of Elementare Zahlentheorie, 
to which has been added exercises for the reader by Professor Paul T. 
Bateman of the University of Illinois and Professor Eugene E. Kohlbecker 
of the University of Utah. It is thus the textbook equivalent of the first 
semester of Professor Landau’s course on Number Theory. 


PREFACE 


IN EACH OF THE SIX SEMESTERS from the Fall Semester of 1921 through the 
Spring Semester of 1924, I gave a four-hour course on Number Theory at the 
University of Gottingen. The content of the courses was so very different 
from the material presented in the standard textbooks that I decided to follow 
numerous suggestions to publish the material of my lectures. [See Publisher’s 
Preface. | 

Among the topics from the theory of integral rational numbers that I 
have included over and above the basic classical results are the beautiful 
results of modern number theory that we owe to such leading scholars as 
van der Corput, Hardy, Littlewood, and Siegel. 

As to the theory of algebraic number fields, my one and only fixed goal 
was to present, after an exposition of the elements, the two most important 
results that have been obtained concerning the so-called Last Theorem of 
Fermat, as well as the proofs of those results. Thus, I first give an exposition 
of Kummer’s Theorem to the effect that for every so-called regular prime 
number p>2, the equation &?+-7?+-¢’—0 cannot be solved in algebraic (non- 
zero) integers of the field of the p-th roots of unity, and thus in particular 
cannot be solved in rational integers none of which is zero. The proof of this 
theorem of Kummer’s is so difficult that even, for example, in Bachmann’s 
book on the Fermat problem the main lemma (which contains the whole 
difficulty and which itself can be proved only as the last link of a long chain) 
is stated without proof. Thus, the only exposition of the matter in the entire 
literature is Hilbert’s Zahlbericht ; however, everything is presented there in 
the framework of more general ideas. From this source, I extracted, sim- 
plifying as far as possible, the arrangement of the proof in the present work. 
The second result that I prove concerning Fermat’s Theorem is the Theorem 
of Wieferich, which is as follows: If +?+-y?-+-2*=0 has a solution in integers 
none of which is divisible by p, then 2°—1=1 (mod p?) ; I also prove Miri- 
manoff’s supplementary result to the effect that 3*—'==1 (mod p?) as well. 

As for the rest, my lectures are concerned primarily with the theory of 
the rational integers. I attach great value throughout to a presentation of 
the new theories concerning the—for the most part—old complexes of prob- 
lems which does not stress the greatest generality obtainable but, rather, 


4 


PREFACE 5 


goes just so far that the most characteristic form of a result applies, but 
applies to problems with as few parameters as possible. Since each section 
of the work is prefaced by a more-or-less lengthy introduction, I will mention 
here only a few details. 

1. I do not speak of the Waring-Kamke problem but of the Waring- 
Hilbert problem and I prove, following Hardy and Littlewood, that all large 
numbers can be written as a sum of 19 fourth powers, and almost all of them 
(this notion will be defined) as a sum of 15 fourth powers; similarly, for all 
exponents k other than 4. 

2. I prove Thue’s theorem, and Siegel’s sharpening of it, only for 
ordinary diophantine equations, not for equations with algebraic coefficients 
and unknowns. Thus, the reader can find in this book Thue’s famous theorem 
as a special case, to wit: Every diophantine equation g(x, y)=a, where 
g(*,y) is an irreducible homogeneous polynomial of degree higher than 
second with integer coefficients, has only a finite number of solutions. 

3. In the theory of lattice points, I include, to be sure, van der Corput’s 
main theorem from his Thesis, but otherwise I treat in the main the very 
special problem of the number A(x) of lattice points in the circular disk 
u?+v*<=-r, because all the essential ideas of the theory show up in this 
problem. The reader will be astonished to see how little depth is involved 
in the theorem by Hardy and myself (1915) and in the theorem of van der 
Corput (1923) to the effect that the (as yet unknown) lower bound # of all a 


1 
for which A (*#)—2x—O (2) is on the one hand 27 and on the other hand 
oS . True, it was a labor of some years to reduce things to this simplicity. 


I did not find my new proof of the theorem = until toward the end of the 
sixth semester. Also, the proof given later in this book for sn eee zis 
the union of three new proof arrangements by Littlewood, Walfisz, and myself. 

Needless to say, in working out the lectures for publication, I have 
changed the order of the topics somewhat. On the other hand, I have made 
hardly any additions or omissions. 

I will mention a few more details concerning the content. First, this 
work is not intended to compete with my two published volumes on Prime 
Numbers nor with my book on the Theory of Ideals. There are relatively 
few points of contact. Nor was it my intention to give a comprehensive treat- 
ment of all of number theory. A comparison with the content of the relevant 
encyclopedia articles or with Dickson’s History of the Theory of Numbers 
shows how big is the world of number theory and with how small a part of 
this world the reader will become acquainted in these many pages. But I 
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shall lead him to the classical regions and to the most beautiful of the hitherto 
hardly accessible regions; some preference has been shown for places the 
roads to which it was my privilege to help build, a preference, that is, for the 
analytic part of the theory of rational integers. 

For the convenience of the reader, there are no footnotes and only few 
bibliographical references. From the above-mentioned excellently arranged 
historical sources (the encyclopedia and Dickson) the reader can ascertain 
with little trouble where the original papers are to be found. 

Following the wishes of my friends, I have retained the lively and some- 
times jocular style of my lectures as far as possible and have not completely 
replaced it with a dry textbook style. 

My thanks go first of all to the authors of the beautiful works (especially 
those from the most recent decades) whose fruits I was able to harvest. Most 
especially, I thank my assistant of many years past, and present colleague, 
Privatdozent Dr. K. Grandjot, who knows the entire field thoroughly, gave 
me the most valuable help during the preparations of the lecture, and finally, 
checked through the manuscript. In reading proofs, I also enjoyed, in addi- 
tion to Dr. Grandjot’s help, the collaboration of an outstanding expert in 
the field of analytic and geometric number theory, my student Dr. A. Walfisz. 
Furthermore, Miss L. Kirchhoff (stud. math.) not only rendered valuable 
and understanding assistance with the proofs but also went to the great trouble 
of producing a fair copy of my entire manuscript. I most heartily thank these 
three faithful collaborators. 

I also wish to express my thanks to the firm of S. Hirzel, who undertook 
the publication of this work and thus made possible its appearance in book 
form. 


Géttingen, February 23, 1927 
EDMUND LANDAU 
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UNDE Xa ae 


PART ONE 


FOUNDATIONS OF NUMBER THEORY 


CHAPTER I 


THE GREATEST COMMON DIVISOR OF TWO NUMBERS 


Until further notice, lower case italic letters will always represent in- 
fepers, 1c: 


* 


1, 2, 3,... (positive integers or natural numbers), 
0 (zero), 
—1, —2, —3,... (negative integers). 


The following facts will be used constantly: If a is an integer, then so 
are —a and |a]; if a and b are integers, then so are a+b, a—b, and ab; if 
a>b, then a@b+1; and if a<b, then aXd—1. 


DEFINITION 1: Let a=+-0; let b be arbitrary. Then bis said to be divisible 
by a if there exists a number q such that 


b=qa. 
: Bie. : : 
This g, namely g= zis then uniquely determined. 


We also say that: 6 is a multiple of a, a is a divisor of b, a divides b, or 
a goes into b. In symbols, 


alb 

If a0 and 0 is not divisible by a, then we write 
a+b. 

Examples: 2/6, 446, 344, 2/)—4, 


afO for every a=+-0, 

1/a and —1/a for every a, 

ala and a/—a for every a=-0. 
Tueorem 1: /f alb, then 

a/—b, —a/b, —a/—b, | @| / | b | : 
Proof: By hypothesis we have b=gqa; furthermore a+-0, and there- 
fore —a=-+0 and |a|=-0. It follows that 
—b=(—q)a, b=(—q)(—a), —b=9(—a), |b|=|¢|| 41. 
11 
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TueoremM 2: If alb and bc, then afc. 
This is also expressed as follows: Divisibility is transitive. 
Proof: By hypothesis a+-0, and there exist two numbers qi, q2 for which 
b=¢,4, e=9, 0. 
From this it follows that 
C=O Uh * 4. 
TuHEorEM 3: 1) Jf aclbc, then alb. 
2) If alb and c=0, then ac|bc. 


Proof: 1) Since ac-0, we have a=-0 and c--0. Moreover, be=qac ; 
hence b=qa. 


2) Since a0, we have ac+-0. Moreover b=qa; hence be=qac. 
TueoreM 4: [f alb, then albx for every x. 

E00) U==(0,, 0 O4 —t. 

TuHeoreM 5: If alb and alc, then a/(b+c) and al/(b—c). 

Proof: b=q,a, c=q,a, b+c=(q,+4,)4. 

THEOREM 6: [f alb and alc, then al(bx-+cy) for any x and y. 
Proof: By Theorem 4, 


alba, alcy; 
therefore, by Theorem 5, 
a/bx-+cy. 


THEOREM 7: If a>0 and b is arbitrary, then there is exactly one pair 
of numbers q and r such that 


(1) b=qat+r, OSr<a. 


(r=0 corresponds to the case a/b.) 


“Dividend = (incomplete) quotient times the divisor + remainder, 
0 = remainder < divisor.” 
Proof: 1) I first show that (1) has at least one solution. 
Among all the numbers of the form b—uwa there occur negative and posi- 
tive ones (namely, for sufficiently large positive u and for negative u having 


sufficiently large absolute value, respectively). The smallest non-negative, 
number b—wua occurs for u=q. If I set 


b—qa= ’, 
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then 
r=b—qa=0, r—a=b—(q4+l)a<0, 
so that (1) is satisfied. 


2) The proof of uniqueness goes as follows: If (1) holds and if u<q, 
then 
usq—1, b—ua=b—(q—lha=r+aza; 


if (1) holds and if u>q, then 
v=q+1, b—uaxb—(q+ lha=r—a<0. 


> 


The desired relations 
0<b—ua<a 


thus hold only when u=q. 


TueEoreM 8 (for g=10 this is the familiar representation of a in the 
decimal system): Let g>1. Then any number a>0 can be expressed in 
one and only one way in the form: 


G=Cyoteyg+-->+cag", n=90, cr>0, OStn<g for OS m=n. 

Proof: 1) I first prove the existence of such a representation (using 
mathematical induction). 

For a—1, the existence is obvious (n=0, co=1, O0<0y<Q). 

Let a>1, and assume the assertion true for 1, 2,...,a—1. a belongs to 
one of the intervals l<a<g, g<a<qg’, g?<a<g’, ... (ad infinitum). 
Hence there is some n=0 for which g*<a<g"t1. By Theorem 7, we have 

a=cCyg*+r, 0sr<g". 


Cn must be >0, since Cag”=a—r>g"—g"=0; in addition, crn<g, since 
C9" s0a< Gua 

If r—0, we are finished (a=0+0-g+.---+0-g"—!+¢ng", 0<¢n<g). 
If r>0, then, since r<g”"Ssa, we have 


r=b+b,9+---+b9', t=0, &>0, OXbm<g for 0=mst. 
t must be <n, since g*>r=bhg'=g' ; therefore 
Cte bg big’ Or ge t= 0g" 8 ong” 
2) The proof of uniqueness goes as follows: Let 
a=C+¢e9t+ ++: +eng*=d+d,9+-+:+4rg9’, N20, Cr>9, 026 9 


(for 0<m<n), r=0, d,>0, 0Sdm<g (for O=m=r). 


14. Part One. I. THE GREATEST ComMON Divisor or Two NUMBERS 


The assertion is that n—r and that cmd, for O=m=n. If this were not so, 
then, by subtraction, we would have 

O=e, +--+ +69%, s>0, es+0, —9¥<em<g for 0X<=mSs; 
hence 


gsleg|=leq+-:++e—19—|Ss@—H1+--- +9 -)=9—1L 


TueorEM 9: Leta>Oand b>0. Of all the common multiples of a and 
b (there are such multiples, and even positive ones : for example, ab and 3ab), 


let m be the smallest positive one and let n be any of them (n=0). Then 
m|n. 
In words: Every common multiple is divisible by the smallest positive 


one. 
Proof: By Theorem 7, the numbers g and r can be chosen such that 


n=qm-+r, 0O<r<m. 
From 
r=n—qm=n-1+m(—q) 
and 
aln, alm, b/n, b/m, 
it follows by Theorem 6 that 
alr, b/r. 
Hence, by the definition of m, r cannot be >0. Therefore 
r=0, n=qm, m/n. 
THEOREM 10: Jf a=-0 and Dla, then 
|b|<|a|, 
so that every a=-0 has only a finite number of divisors. 


Proof: a=qb and q=+0; 
therefore 


|g/21, |a|/=|q|/o|= [8]. 


THeEorREM 11: Letaand b not both be 0. Let d be the greatest common 
divisor of a and b. (d exists and is >0; for at least one of the numbers a, 
b is =-0 and hence, according to Theorem 10, has only finitely many divisors ; 
and the number 1 is certainly a common divisor of a and b.) 

1) If f 1s any common divisor of a and b, then 


{Id. 


In words: Every common divisor goes into the greatest common divisor. 
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2) If a>0, b>0, and m is the smallest positive common multiple of a 
and b, then 


md=ab. 


In particular, then: If a>0, b>0, and d=1, then m=ab. 


Proof: CaseI: Leta>0Oand b>0. Since ab is a common multiple of 
a and b, then by Theorem 9, 


m/a b, 


ab. : 
= Saheintegs er. 
m 


Setting » 

ab 

ogee 

we shall prove the following: 
a) that if f/a and f/b, then 
flg, 
b) that 
g=d 


(which will prove all our assertions in Case I). 
In fact, 


a) If flaand f/b, then 


b a 
aja =, b/b-. 
/ f ? / f 
. is thus a common multiple of a and b ; hence by Theorem 9, 
ab 
m ai 
ee a 
geeie 
so that the quotient 
| Cire? 
ES 
is an integer, and consequently 
fig. 
b) Since 
Bye SE 
AEP 


are integers, we have 
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g is thus a common divisor of a and b. Since, by a), every common divisor 
f of a and b goes into g, and g>0, we have by Theorem 10, 


fS9, 
so that g is the greatest common divisor of a and b. 

Case II: Suppose that the assumption a>0, b>0 is not satisfied but 
that a and b are still both +-0. Then 1) follows from Case I, since a has the 
same divisors as |a| and b the same divisors as !b|. In fact, d is the greatest 
common divisor not only of a and b but of |a| and || as well. 

Case III: Let one of the two numbers be 0, say a—0, so that b=-0. 
Then obviously d=|b|, and from f/0 and f/b it follows that f/d. 

Notation: For any a and b which do not both vanish, the greatest 
common divisor of a and b 1s denoted by (a,b). 


Examples: (4,6)=2; (0,—3)=3; (—4, —6)=2; (1,0)=1. 
THEOREM 12: If aand bare not both 0, then 

(a, b)=(6, a) 
Proof: The definition of (a,b) is obviously symmetrical in a and b. 


DEFINITION 2: If (a,b)=1, that is, if 1 is the only positive common 
divisor of a and b, then a and b are called relatively prime. 


We also say: a is relatively prime to b. 1 and —1 are then the only 
common divisors of a and b. . 

Examples: 1) (6,35)=1, since 6 has 1, 2, 3, and 6 as its only positive 
divisors, and none of the numbers 2, 3, and 6 goes into 35. 

2) (a,0)=1 for a=1 and for a=—1, but for no other a. 


Turorem 13: [f (a,b)=d, then (4 oy a1, 


dd 
£700}.) lf 7 > 0, We dee then by Theorem 3, 2) we have 
fdja, fd/b, 
and therefore by Theorem 11 
fd/d, 
so that by Theorem 3, 1 
M ) f/l, f=. 
THEOREM 14: If c>0, c/a, ¢/b, (<, 2:)—=1, then C==\ha, b).. 


: a b 
Proof: Since we and rs do not both vanish, a and b are not both 0. 


If we set (a, b)=d, then c/d by Theorem 11, so that a is an integer. From 
Cc 
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da 
Cc 


it follows that 


and therefore, since (* ey ae n> Um, 


sd if c=d. 
C 


THEOREM 15: [f albc and (a, b)=1, then alc. 


In words: Ifa number divides the product of two numbers and is rela- 
tively prime to one of them, then it divides the other. 


Proof: By assumption, a=-0. 
1) If b=0, then a=+1, since (a, 0)—1; and hence alc. 


2) If b=+-0, let m be the smallest positive common multiple of the rela- 
tively prime positive numbers |a| and |b|. By Theorem 11, 


m=|a||b|. 


Since, by hypothesis, bc is a common multiple of |a| and |b|, we have, by 
Theorem 9, 


|a| |b|/bc, 
ablbc (Theorem 1), 
alc (Theorem 3,1)). 


v0 
TueoreM 16: [f a/IT an, v=2, (a, Gn)=1 for 1Sn<z, then 
n=1 
a/ ay. 


Proof: For v=2, this is shown by Theorem 15. For v>2, Theorem 
15 yields, successively, 


v vo 0 
ala, a/ID ay, ..., 4/ IT ay a/dy. 
n=2 n=8 n=v—1 


CHAPTER II 


PRIME NUMBERS AND FACTORIZATION 
INTO PRIME FACTORS 


The number 1 has only one positive divisor, namely 1; every number 
a>1 has at least two positive divisors, namely 1 and a. 


DEFINITION 3: A number a>1 is called a prime number (or simply a 
prime) if it has only two positive divisors (namely 1 and a). 
Examples: The first few primes are 2, 3, 5, 7, 11. 


The letter p will be reserved for prime numbers only; likewise, symbols 
such as fi, po, ..., p’, p”, ... will always represent primes. 

Our next aim will be to prove that every number a>1 can be represented 
as a product of primes (this will be easy) and that this representation is unique 
apart from the order of the factors (this is somewhat deeper). 


THEOREM 17: Every a>J can be represented as a product of prime 
numbers: 


(2) a= lpaitel 


n=1 


1 
(For primes a=p, this is obvious, and the product reduces to p—=JT py.) 
n=1 
Proof (by mathematical induction): 1) For a=2 the assertion is true, 
since 2 is a prime. 


2) Let a>2 and assume the theorem true for 2, 3, ..., a—l. 
21) Ifa is prime, the assertion is true. 
22) Otherwise, by Definition 3, there exists a factorization 


4=4,4,, l<a,<a, l<a,<a. 


Thus a; and dp, and therefore a also, are representable as products of primes. 
Theorem 17 justifies the following definition : 


DEFINITION 4: Every number >1 which is not a prime is called a 
composite number. 


The natural numbers thus fall into three classes: 


18 
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1) The number 1; 
2) The primes; 
3) The composite numbers. 


There are, of course, infinitely many composite numbers; for example, 
all numbers of the form 2”, n=2. 


THEOREM 18: There are infinitely many primes. 


Proof: We must show that to any finite set of primes there can be 
adjoined yet another prime. 


Let pi, ..., py be distinct prime numbers. Then 
n=1 


is, to begin with, >1 and, in addition, is not divisible by any of the prime 
numbers /1,..., P», so that by Theorem 17 it is divisible by a prime number 
different from f,..., Pv. 


Theorem 18 can be expressed as follows: For any €>0, let 1(&) repre- 
sent the number of primes =&. Then as & approaches infinity, so does a(&) ; 
i.e., given w>O0 there exists 7=7(w) such that 

z(é)>o if >n=7(o). 
The question as to whether, and with what degree of accuracy, 2(&) can be 
approximated by the functions of analysis, can be answered only later on. 
In Part 7, Chapter 2, § 3 of my Vorlesungen iiber Zahlentheorie, the reader 
will find a very accurate result, the methods used being those of complex 
function theory. This result contains as a special case the “Prime Number 
Theorem” 


eae ee 
log & 


this theorem can be found in Part 7, Chapter 1, § 2 of the work cited. 

Let us also note here that the question, for example, of whether there 
exist infinitely many primes whose decimal representations end in the digit 
7 will be answered (in the affirmative) in Part Two, Chapter III; specifically, 
the answer will appear as a special case of Dirichlet’s well-known Theorem 
on Arithmetic Progressions (Theorem 155). 

None of this will be made use of, however, until it has first been proved. 
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TuHEoREM 19: If pa, then (p,a)=1. 


Proof: p has as positive divisors only 1 and p. Hence (p,a)=1 or p 
and, since pa, the latter is impossible. 


THEOREM 20: If 


v 


pL an, 


n=1 
then for at least one n we have 
p/n. 


Proof: If, for all n, p+d,, then by Theorem 19 we would always have 
(p, dn) =1, so that, by Theorem 16, 


0 
pt lan. 
n=1 
THEOREM 21: If : 
pl pa, 
n=1 
then for at least one n we have 
P=Pn- 
Proof: By Theorem 20, 
blbn 


for at least one 1; but since the prime p, has 1 and p, as its only positive 
divisors, and since p=+1, it follows that ppp. 


THEOREM 22: The representation (2) of any number a>1 is unique 
up to the order of tts factors. 


In words: Every prime number appearing in a decomposition into “prime 
factors” of a given number appears equally often in every such decomposition. 
Every a>1 is therefore of the form 


a=II p, 
where p runs through the various primes that divide a; and where every 


l=I,,)>0 and is uniquely determined by a and p. (This is the so-called 
canonical decomposition of a.) 


Example: 12=2-2-38=2.3.2—3.2.2—2?.3—3.22 
Proof: It is obviously sufficient to prove the following: If 
a= pay PYSPyS +++ SPy PSPS +++ S pv, 


then 


v=v', Pa=pn for l<n<v. 
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1) For a=2 the assertion is true, since we merely have 
y= Ve ),=?P,; —w 
2) Let a>2 and suppose that the assertion has been proved for 2, 3, 
4,...,a—l. 
21) Ifaisa prime, then 
v=v'=1, p, =p, =4. 


22) Otherwise, we have v>1 and v’>1. Since 


‘ 


pi IL pn, p,/1 p,, 
n=1 n==1 
it follows by Theorem 21 that 
Pi=Pny Py=Pm- 
for at least one m and at least one m. Since 
Py Pn=PiSPm=P1 1 


we have 
Pi=P}- 


Now (since 1<p1<a, p;/a) we have 


a vo v 
l<—= TI p,= IT p,<a, 
Pi n=2 n=2 
and hence (by the induction hypothesis ) 
yv—l=v'—]1, v=v' 


and 
Di—=PallOr 270. 


THEOREM 23: Let a>1, let T(a) be the number of positive divisors 


of a, and let r 
n=1 
be the canonical decomposition of a (i.€., pi, ..., pr are distinct and every 


1,>0). Then a has for its positive divisors the numbers 


(3) TLE 0<Mmadsln for l<n<r 


and no others. Hence 


T (a)= I (Iy+1). 


(That the numbers (3) are distinct follows from Theorem 22.) 
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Proof: 1) Each number of the form (3) obviously divides a. 

2) If d>0 and dja, then a=gqd, so that d cannot contain any prime 
factor that does not divide a, nor can d contain any prime factor of a a greater 
number of times than that factor appears in a itself. 


DEFINITION 5: For any real number &, let [&| denote the largest integer 
<6, that is, the integer g for which 


Ga6<,9--1. 
Obviously 
at oS 
and if 
asé 
then 
a=[6], 
and if 
a>é 
then 
a=[€]+1>[€]. 


THEOREM 24: The number q of Theorem 7 is equal to EI 
Proof: . qgax<b=qa+r<(q-+ la, 


b 
q= ae 1, 


THEOREM 25: If k>O and n>0, then the number of positive multiples 
of k which are =n 1s 7 
zl: 


Proof: Sinceh>0 and hkS7, it follows that 


ed 
0< hs i 


and conversely; but the number of natural numbers Sé is [&] for every 


&>0. 
THEorEM 26: If k>0 and =0, then 


el-[E1 
bla: 

(For 7>0 this also follows from Theorem 25, for there are just as many 
positive multiples of k up to 7 as there are up to [”].) 
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Proof: From 


” 
Ga —0 71 
it follows that cae 
kg<n<k(g+1), 
kg<[nl<k (g-+1), 
gs we aes 
THEOREM 27: Let n>0, and let p be any prime. Then p divides n! 
exactly 
co 
- 2 Lal 
m=1 OM 
times. 
(This infinite series converges, since the general term vanishes for suffi- 
ciently large m, and in particular for m> oe , since we then have p”>n, 


n : ‘ n 
0<—<1. The series can therefore also be written as 2 ,, pea 
lena aas 


where, in case p>n, the sum stands for zero—as shall every empty sum 


henceforth. ) 
In other words: We have 


(4) n= LE p 


(where, in case n=1, the product represents the number 1—as shall every 
empty product henceforth) ; for the primes p>n do not divide n!._ We can 
equally well write aS ie 


n| = IT p"—* pn 
Pp 


where the product is taken over all primes arranged in increasing order of 
magnitude, for every factor is 1 for p>n. 


Proof: In preparation for later on, I present two proofs. 
1) The number of positive multiples of the number p up to n is, by 


Ae 
Theorem 25, =| ; the number of positive multiples of p? up to n is lea Bete: 
The multiplicity with which p divides n! therefore 
= > number of positive multiples of p” up to n 
m=1 


== 


Lee | 
m1 De } 
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for each of the numbers 1, ..., » is counted / times (and so not at all if J=0) 
asa multiple of p™ for m=1, 2,...,/, if p divides it exactly / times (20). 

2) (This proof is longer than the former, and introduces the logarithmic 
function—which can, of course, be eliminated by the use of exponents—but 
the proof is otherwise useful.) Let us henceforth set 


eS log i 10r Ge po) Cee 1, 
(5) A(a) =| 0 for all other a>0. 


(thus A(1)=0, A(2)=log2, A(3)=log3, A(4)=log2, A(5)=log5, 
A(6)=0, ...). Let the symbol 


*'f(d) 
dja 


mean, on principle, for a>0, that the sum is taken over all positive divisors 
d of a. 
Then we have 


(6) loga=2'A (d). 
dja 
For (6) is obvious if a=1 (O=0), and if 


a=ITp" (r=tz, ») 
pia 


is the canonical decomposition of a>1, then 
log a= Zr logp=2(A(P)+A@") ++ +A@)=ZA@. 
a pla dja 
From (6) it now follows that 

[€] [é] (§) 
(7) log (EJ =Sloga=— SF AW) =TAD [=]: 

a=1 a=1 dja d=1 d 
(I am generalizing the result somewhat, in that I replace by any real E>0) ; 
for A(d) appears only for 1Sd<[&], and for each such d it appears as many 
times as there are positive multiples of d up to &, that is, |=] times, by Theo- 


d 
rem 25. By the definition (5) of A we have, by (7), 


log (61) =F log p [pez lee []4+---adint 20g » 5 el 


psf m=1 


so that the assertion (4) is proved if we set =n. 


THEOREM 27 25 


If we wish to apply Theorem 27, we should note that for every n>0 
and every /, the terms of 
2 lel 
won 


can be most expeditiously computed one after the other by use of the result 


which follows from Theorem 26. 


Example: n=1000, p=3; the calculations should not proceed as fol- 
lows (every # is >0 and <1) 


A= 33348, r= 11146, Sp a8 +6, = +8, 
at As e146; 
but rather 
= 33346, oe =lll, + =31, = 12-48, e=4, 
5=146, 


in order to compute the terms 333, 111, 37, 12, 4, 1, and the final result of 498. 


CHAPTER IIl 


THE GREATEST COMMON DIVISOR OF SEVERAL NUMBERS 


TuHroreM 28: Let a=1 and b=1. Let their canonical decompositions 
be written 
a=H yf, b= p (lla >0, m= y>0) 
pia p|b 
(where, in case a or b=1, the empty product shall mean 1). /f / and m are 
allowed to assume the value 0, then a and b may be written in uniform nota- 
tion as 


a=IT ', b=IT p™. 
plab plab 
Then 
(8) (a, b= IT pa (1, m) | 
piab 

If y1,..., Yr are real numbers, then Min (¥,..., y,) represents here— 
as it shall from now on—the smallest and Max (y1,..., y,) the largest, of 
tnerntimabers Vive... Vrs 


Examples: Min (—3,0,—3)=—3; Max (1,0)=1. 


Proof: The positive divisors of a are (by Theorem 23) the numbers 
IT pt, OStS<I ; those of b are the numbers JT p", O<usm,; the com- 


plab plab 
mon positive divisors are therefore the numbers IZ p*, 0<v< Min (J, m) 
piab 


and the right-hand side of (8) is the largest of them. 


Notation: If the numbers a,..., a, (r=2) are not all 0, then their 
greatest common divisor (which of course exists) is denoted by (a1,..., dr) 
(in agreement with our former notation for r=2). 


Examples: (6,10, 15)=1, (2,0, —4)=2. 


DEFINITION 6: If r=2 and (a;,...,a,-)=1, then a,..., a, are called 
relatwely prime. (For r=2 this is our old definition.) 


26 
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THEOREM 29: If r22 and if a,..., a, are not all 0, then (a,..., dr) 
is divisible by every common divisor of ay,..., dr. 


Proof: If only one of the numbers a,,..., a, is different from 0, then 
the assertion is trivial. 

Otherwise, without loss of generality, let a1,...,a, all be >0; for if they 
are not, then we merely discard those that equal zero and change the sign 
of those that are negative. 

1) For r=2 the assertion is true by Theorem 11. 

2) For r>2, I give two proofs. 

21) Set 


a= Hf pmi...,a= HT ps (,=0,..., 420). 
pia, +++ a, 


Then (compare the proof of Theorem 28), we obviously have 


(ay). 2+, Ge)= TT pia Gy.-5 1p), 


pia, +29 dy 


and every common divisor is 


+ 7’, 0<v< Min (Lipsey ly), 


pia, a, 

and hence goes into (a1,...,4,). 

22) Let the assertion be already proved for r—1. Every common divisor 
of a},..., a, divides a1,..., @—, and hence (a,...,4a,—1) ; it also divides a,, 
and hence ((a1,...,4r—1), 4). This number divides (a,...,a,-1) and a,, 
and hence @4, @,,..., Gp—1, Gy; it is therefore equal to (a,...,4a,r). 

We should make note of the relation 
(9) (@,,--+, G)=((Qy,--+, Gr—1), Gr) 


for r>2, a,;>0,..., a->0, which we found during the second proof. 


THEOREM 30: Let r=2, a,>0,..., and a,>0. Then every common 
multiple n of a1,..., a, is divisible by their smallest positive common mul- 
tiple v (which obviously exists). 

Proof: 1) For r=2, we know this by Theorem 9. 


2) For r>2, I give two proofs (as for Theorem 29). 
21) In the notation of the previous proof, we clearly have 


v= TT pM Go), 
Play +++ 
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Either n=O (so that it is certainly divisible by v), or |n| contains every 
pla, ...a, at least /; times, ..., at least /, times, and therefore at least Max (11, 


oe te Lunes, 
22) Let the assertion already be proved for r—l. Let w represent the 
smallest positive common multiple of a,..., a1, so that n is divisible by 


@,...,@,—, and hence by w; but it is also divisible by a, and hence by the 
smallest positive common multiple of w and a,. Since this number is itself 
a positive common multiple of a,..., @-—1, a,, it must equal v. 


CHAPTER IV 


NUMBER-THEORETIC FUNCTIONS 


DEFINITION 7: A function F(a) which is defined for every a>O is 
called a number-theoretic function. 

The value of the function is not required to be a positive integer, nor 
an integer, a rational number, or even a real number. 


Examples: F(a)=e!, F(a)=sina, F(a)—=(a+2)—1, F(a)=T(a) 
(the number of positive divisors of Theorem 23), F(a)=A(a) (Formula 
(5)), F(a) =Xd—=—S (a) (the sum of the positive divisors of a). 

dja 


THEOREM 31: Jf a>1 and a=IIp! is its canonical decomposition, then 
pla 


I+1__] 
S(ia)—® ’ 
(2) pia p—l 


Proof: If we add the positive divisors p,™ p,™ +--+ p,™* of a enumer- 


ated in (3), and use the fact that 


1 Pier 
Dae ancy Sela 

met p—1 , 
then the result follows. 


DEFINITION 8: Any divisor of a other than a itself 1s called a proper 
divisor of a. 


DEFINITION 9: ais called even if 2/a; odd, if 2ta. 


Examples: 0 is even; of two successive numbers a and a+1, exactly one 
is always even, the other odd; every p>2Z is odd. 


DEFINITION 10: a>0 is called a perfect number if a equals the sum of 
its proper divisors, that 1s, if 


S(a)=2a. 


Examples: 6=14+24+3, 28=14+2+4+4+47+14. 
29 
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This old-fashioned concept of perfect number, and the questions asso- 
ciated with it, are not especially important; we consider them only because, 
in so doing, we will encounter two questions that remain unanswered to this 
day: Are there infinitely many perfect numbers? Is there an odd perfect 
number? Modern mathematics has solved many (apparently) difficult prob- 
lems, even in number theory; but we stand powerless in the face of such 
(apparently) simple problems as these. Of course, the fact that they have 
never been solved is irrelevant to the rest of this work. We will leave no 
gaps; when we come to a bypath which leads to an insurmountable barrier, 
we will turn around, rather than—as is so often done—continue on beyond 
the barrier. 


THEOREM 32: If p=2"—1 (so that n>1; for example, n=2, p=3; 
n=3, p=7), then 


oe Pt = Qn—1( gn 


1s a@ (necessarily even) perfect number, and there are no other even perfect 
numbers. 


Prooj- 1) For 
a= 2*—-1(2"—]), 2»9—_1=p 


we have, by Theorem 31, 
tite Fc 
S(a)= FP — =(2"— 1) (p+ N= (2°—1) 2° 2 
2) Ifaisan even perfect number, then 


a=2"—1ly, n>1, u>0 and odd, 
so that, by Theorem 31, 


Pu= 2a=S(a)= —* s(u)= (2"— 1) S(u) 
and 
2"u u 
SO) pa te 
In this formula, -—~ Pree 1 (= S(u)—) is an integer, and hence (since n>1) 


it is a proper divisor ‘ u. The sum S(u) of all.the divisors of u is therefore 
equal to the sum of u and a certain proper divisor. Hence u is a prime, and 


ow u 
the proper divisor 4) =1, so that u=2"—1. This proves the theorem. 
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Now, are there infinitely many perfect numbers? I do not know. It 
was already mentioned above that 2"—1 is prime for n=2 and n=3. For 
n—4, 2"—1=15 is composite. More generally, 2"—1 is always composite if 
n is composite ; for if nbc, with b>1 and c>1, then 


Qn ]— 2be__] — (261) (2-4. 2-H... 4.904 1), 


where both factors are >1. 

For n=5, 2"—1=2°—1=31 is a prime that yields the perfect number 
16 - 31=496 ; for n=7, 2"—1=2'—1=127 is a prime that yields the perfect 
number 64 - 127=8128 ; for n=11, 2"»—1=2"—1=2047=23 . 89 is compos- 
ite. The question is, therefore, whether there are infinitely many primes p 
for which 2*—1 is a prime. Even this is not known. 

Are there infinitely many odd perfect numbers? I do not even know 
whether there is a single one. 

However, I should like to ask the reader not to meditate too long over 
these two questions; he will meet with many more promising and gratifying 
problems in his study of this work. 

The analogous problem of finding all the numbers a>1 which are equal 
to the product of their factors, i.e., for which 


(10) IId=a?, a>1 


dja 


is trivial. For the following simple theorem holds: 


THEOREM 33: (10) holds tf and only if 


a=p* or a=pip2, pipe. 
Proof: 1) Asd runs through all the positive divisors of a, so, obviously, 


does =. It therefore follows from (10) that 


a a 
4— g?, *—T1d- 2 =D d - \=a=at 
a*=a"a da aad aja ad] dla ) 


and hence, by Theorem 23, 
(ee a 1 yt 


in the canonical decomposition a=p,"- - « p,/r, so that either r=1 and =3, 
or r—=2 and j=/,=1. 
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2) Conversely, in these cases, 


IT d=1-p,- p,?+ py=p,°=(p,')? and IT d=1-p,:p,-PyP2=(P1P2)”, 


dip,* d/p\P, 
respectively. 

DeFrnition 11: The number-theoretic function (a) (the Mobius 
Function) is defined by 

Lafassl, 
H(a)= 4 (—1)" if ais the product of r (=1) distinct primes, 
0 otherwise, i.e., if the square of at least one prime divides a. 

The numbers a=1 that are not divisible by the square of any prime (or, 
equivalently, by any perfect square >1) are also called square-free numbers ; 
this quite customary terminology is just as logical as saying that two numbers 
are prime to each other when they have exactly one positive common divisor 
(namely, 1). In this sense of square-free, we say: u(a)=-+1 if a is square- 
free, and u(a)—0 otherwise. 

Examples: w()=1, u(2)=—1, “(3)=—1 (u(P) is always =—1), 
#(4)=0, u(5)=—1, 4(6)\=1, w()=—], w(8)=9, 4(9)=0, w(10)= 1. 

THEOREM 34: Jf a>0, b>0, and (a, b)=1, then 


#(ab)=p (a) u(6). 
Proof: 1) Ifaor 6 is not square-free, then neither is ab, so that 
(ab)= 0=(a)u(6). 


2) Ifaand b are square-free, then since (a, b)=1, ab is also square-free. 
If a=1 or b=1, then the statement is obviously true; otherwise the number 


of prime factors of ab equals the sum of the number of prime factors of a 
and of b. 


ajored=— 
THEOREM 35: J =| bel ’ 
mek ) 0. for a>], 


larger 310) gra i 


2) If a>1 and ifa=p,--+ pr is the canonical decomposition of a, 
then obviously 


AAU ee ae ) (—1+(3)+ £5 +(f) (—1y 


=2 (5) (== 0; 
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for if s=1, 2, ..., 7, then there are exactly f divisors of pi... p, which 


consist of exactly s prime factors, and for these we have u(d)=(—1)°. 


THEOREM 36: If 21, then 


n=1 
Proof: Let the formula of Theorem 35 be summed over a1, 2,..., [&]. 
This gives 
[é] (§} 3 
I=L Lu@=2u@) =; 
a=) dla d=1 


for, by Theorem 25, the number of positive multiples of d up to & is ee 


THEOREM 37: If x1, then 


therefore either converges, or else it oscillates between finite limits. The 
question as to which of these two alternatives holds does not interest us at 
the moment; the reader can learn the answer in Part Seven, Chapter 12, § 1 of 
my Vorlesungen iiber Zahlentheorie. 

Gordan used to say something to the effect that “Number Theory is useful 
since one can, after all, use it to get a doctorate with.” In 1899 I received 
my doctorate by answering this question. 


Proof: Wehave 


(ee ls tor ln 2, 
aca mi | =0 for n=z. 
Hence, by Theorem 36, 
az z a 
Pe, L(n) 4 | —| ¥ p(n) 2—|2)) LPB (-|[2])<«-1, 
n=1 N n= n n n=1 \ nN 
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THEorEM 38: Let F(a) be any number-theoretic function whatever. 


Let G(a) be the number-theoretic function 
G (a)=2F (d). 
dja 


Then 
F@=Zn 4 (4). 


(This is the so-called Mobius Inversion. ) 
Remark: The fact that F(a) is uniquely determined at all, in reverse, 
by G(qa) is clear to start with; for from 


G()=F(1), G(2)=F(2)+ ++, G3)=F(3)+ +--+ 


wecan successively compute F(1), F(2), F(3),.... 
Proof: For every positive dja we have 
o(4)— 276, 
d 5/2 


d 


n@a(4)= ZHOPOs 


dja 


Eu@a(G) =F ed Aste AOL 
a 0/5 b/a a/4 


(for b only runs through positive divisors of a, and to every such b there 
correspond exactly those d for which d/a and also dbJja, that is, for which 
d/> ) 
=EF (b) Zu (=F), 
bia a | a 


b 


since, by Theorem 35, 
1 for b=a, 
Eu(a)= 
ae 0 for b/a, b<a. 
DEFINITION 12: The number-theoretic function g(a) (Euler’s Func- 
tion) represents the number of numbers n in the sequence 1,2,...,a for 


which (n,a)=1. : 

Examples: p(1)=1(n=1), 9(2)=1(n=1), 9(3)=2(n=1, 2), p(4)=2 
on 3), p(5)=4(n=1, 2, 3, 4), Sees) js Lees a 2 OG) 
p—1). 
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THEOREM 39: L'p(d)=a. 
dja 
Proof: Divide all the a numbers n=1,...,a into classes according to 


the value of d=(n,a). Only those numbers d>0 that divide a enter into 
consideration. To each d/a let there belong the n=kd for which (kd, a)=d, 


i.e. (by Theorems 13 and 14), (z, “\= 1 and moreover for which 0<kdSa, 


Pe. 0<ck= 


q But by Definition 12 there are exactly » (4) such numbers. 


Hence 
a 
a=Z9(F)=Z9) 
aja d/a 


since “ runs through all the positive divisors of a when d does. 
THEOREM 40: ray 
dja d 


Proof: By Theorems 39 and 38 (with F(a)=q(a) and G(a)=a), 
we have 
OF 


a Le 
=D u(d)—=a L—— 
SAO AN sa oar eae 
THEOREM 41: p(a)=all(1— =) 
pla p 


Proof: 1) For a=1 we have m(1)=1 (the product in the statement 
of the theorem is empty). 

2) For a>1 let a=p," ee py be its canonical decomposition. Then by 
Theorem 40 we have 


H@)_— ¢ 1 
ajy=a Dy ———_ ——() He j-——— ; 
Al ) a|py++*Dy d ( ) 


n=1 Pn 


as is seen by calculating the 2” terms of the product. 


TueorEeM 42: For a>1 we have, in the canonical notation, 
f 
¢(a)= TI pn®~* (Pn—1)- 
n= 


Proof: By Theorem 41, 


y(a)= I p,”- IT P= = Il pa(1—— 
n=1 n= 
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TueorEM 43: Forl>0 we have 
9(p)=p* (p—}). 


Two proofs: 1) Special case of Theorem 42. 


2) (Direct proof.) Of the numbers 1, 2,...,', those not relatively 
prime to p! are precisely all the multiples of p ; their number is p’~* ; hence 


o(p)=p'—p. 


All of Theorem 42 itself can be proven directly by counting the numbers 
n which are not relatively prime to a and for which 1SnSXa; but this is 
somewhat more laborious and is a good exercise for the reader. (The solu- 
tion of this exercise is, however, not essential for the remainder of this book.) 


THEOREM 44: Jf a>0, b>0, and (a, b)=1, then 
p(ab)=9(@)e(0). 
A 
Proof: Without loss of generality let (canonically) a= I Dn *> 1 and 
n=1 


8 
b= ll Im" > 1. From Theorem 42 it follows that 
m1 


9 (a) =H pa" (Pn—1), (6) = HE gm'™ —* mn —1). 


Since (a, b)—1, 
ab JT Dn® II Qme™ 
m=1 


n=1 


is the canonical decomposition of ab; hence, by Theorem 42, 


9 (ab) = TT pa (Pn—1) : IT qm" = (Im—1)=9 (a) p(0). 


The reader will find another proof of Theorem 44, one based directly 
on the definition of g, in Theorem 74. 


CHAPTER V 
CONGRUENCES 


In this chapter m will always be >0. 


DEFINITION 13: a is said to be congruent to b modulo m, written 


a=b (mod m), 
if 
m|(a—b). 


a 1s called incongruent to b modulo m, written 


a==b (mod m), 
if 
m+(a—b). 
Examples: 31=—9 (mod 10), 
627=587 (mod 10), 
5==4 (mod 2), 
a=b (mod 1) for arbitrary a and b. 


9d 66 9d 66 


Any concept such as “congruent,” “equivalent,” “equal,” or “similar,” 
y & , 


in mathematics must satisfy three properties (the so-called reflexivity, sym- 
metry, and transitivity properties), which are expressed here by means of 
the following three theorems. 


THEOREM 45 (Reflexivity): We always have 
a=a (mod m). 

Proof: m0, m/(a—a). 

THEOREM 46 (Symmetry): Jf 


a=b (mod m) 


then 
b=a (mod m). 


37 
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Proof: m|(a—b), and hence, by Theorem 1, m/(b—a). 
THEOREM 47 (Transitivity): Jf 


a=b (mod m), b=c (mod m) 


then 
a=c (mod m). 


Proof: mla—b, m/b—c, m/(a—b)-+(b—c), m/a—e. 

Thus, just like equations, congruences (with the same modulus) can be 
written in sequence as a congruence with more than two terms; for example, 
a=b=c (mod m). 

The following theorem (which, incidentally, makes Theorems 45-47 self- 


evident) provides a useful necessary and sufficient condition for the validity 
of a congruence. 


THEOREM 48: According to Theorem 7, given the numbers c and m, 
there is a uniquely determined number r such that 


c=qm-+r, 0OSr<m; 
let this number r be called the residue of c modulo m. Then 
a=b (mod m) 


holds if and only if a and b have the same residue modulo m. 
leeaixyS 1) 1b: 
a=q,m-+r, b=q,m+r 


then 
a—b=(q,—4,) m, 
m/a—b. 
2) If 
a=q,m+r, 0<r<m, a=b(mod m) 
then 


b=a+qm=(q,+q)m+r=q,m-+r. 


Theorem 48 shows that, given a number m, all the numbers fall into m 
classes (“residue classes”) in such a way that any two numbers in the same 
class are congruent, and any two numbers in different classes are incongruent. 
One of the classes consists of the multiples of m. 
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Theorems 49-56 which follow are analogous to the corresponding theo- 
rems on equalities; they make clear the usefulness of the congruence sign; 
looking at it intrinsically, one might have objected that no new symbol is 
needed for m/(a—b). Since the modulus m in Theorems 49-56 remains the 
same throughout, we shall not bother to write it for the time being. 


THEOREM 49: If 


a=b, c=d 
then 
a+c=b+d, a—c=b—d. 
Proof: m/a—b, m/c—d, m/(a—b)=(c—d), m/(ac)—(b+d). 
THEOREM 50: /f 
a,=06, for n=1,...,¥, 
then 
Sin pa 


n=1 n=1 
Proof: Follows by induction from Theorem 49. 
THEOREM 51: If 
a=b, 
then, for every c, 
ac=be. 


Proof: m|(a—b), m|(a—b)c, m|(ac—bc). 
THEOREM 52: [f 
a=b and c=d, 
then 


ac=bd. 


Proof: By Theorem 51 it follows from the first part of the hypothesis 
that ac=bc and from the second that bc==bd ; hence, by Theorem 47, the con- 
clusion follows. 

THEOREM 53: If 


Gna lorin—1). 4, U, 
then 


I mucin Dae 


n=1 n=1 


Proof: By induction, using Theorem 52. 
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THEOREM 54: /f 
a=), v> 0, 
then 
a°=b’. 
Proof: Follows from Theorem 53. 


THEOREM 55: Let 


f(a)=c)+¢e,"7+ °°: Sa De (n= 0) 


v=0 
be any rational integral function with integer coefficients. I f 


a=b, 
then 


f(a)=f(0). 
The solutions (if any exist) of the congruence 
f(x)=0 


thus fall into complete residue classes mod m. 


Proof: By Theorem 54 it follows from the hypothesis that 


a’=0? for 0<v<n, 
so that, by Theorem 51, 
C,a°=c,b° for O0<v<n; 
since 
Cy =Cy 
our result n n 
2 C,0°=2 6b". 


v=0 v=0 


follows by Theorem 50. 


Theorem 55 justifies : 


DerFinition 14: By the number of solutions, or roots, of a congruence 


: f(x)=0 (mod m) 

we shall mean the number of those numbers of the set x=0, ..., m—1 that 
satisfy the congruence, that is, the number of residue classes all of whose 
members satisfy the congruence. 


Thus the number of solutions is always either 0 or some other finite 
number. 
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Example: x?==1 (mod 8) has four solutions, since +=1, 3, 5, 7 (but not 
4*=0, 2, 4, 6) satisfy the congruence. This fact, that 8/(*2—1) for every odd 
number +, should be kept in mind. 


THEOREM 56: If 
ac=be, (c,m)=1 
then 
a=b. 


Proof: m|(ac—bc), m/(a—b)c; since (m, c)=1, it follows from Theo- 
rem 15 that 
m|(a—b). 
THEOREM 57: If ’ 
ac=bc (mod m), 


then 
m 
a=b (moa a) ; 
(c,m) 
(If (c, m)=1, this reduces to Theorem 56. ) 
Proof: m|(a—b) c, 


hence, by Theorem 3, 
c 
—b) ——.. 
(em | 8) & my 
By Theorem 13 it follows that 
ee —_\ = 
(c,m)’ (c,m) 
so that by Theorem 15, 
omy | (o). 
TuHeEorEM 58: Letc>0. If 


a=b (mod m), 
then 
ac=be (mod cm), 
and conversely. 
Proof: Since c>0, it follows from Theorem 3 that the relations m/(a—b) 


and cm|c(a—b) are equivalent. 
THEOREM 59: If 
a=b (mod m), n>0, n/m, 
then 
a=b (mod n). 


Proof: m|(a—b) and n/m; hence n/(a—b). 
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THEOREM 60: /f 
a=b (mod m,) for n=1, 2,...,v (v=2) 


then, if m is the smallest common positive multiple of m1,..., Mv, we have 
a=b (mod m). 
Proof: a—b is divisible by m,, . . . , mv, and hence, according to Theorem 
30, by m. 


THEOREM 61: If 
a=b (mod m), 
then 
(a,m)=(b,m). 


In particular: If (a,m)=1, then (b,m)=1. Consequently the num- 
bers in a residue class are either all relatively prime to m, or none of them is. 


Proof: From b=a-+mgq it follows that (a, m)/b, so that (a, m)/(b, m) ; 
similarly, (b, m)/(a, m). 


DEFINITION 15: Bya complete set of residues mod m is meant a set of 
m numbers each of which is congruent to a different one of the m numbers 
0,1,..., m—1 (modm), that is, a set which contains a representative for 
each of the m classes into which all the integers mod m fall. 


It would suffice, of course, to require that at least one of the m numbers 
belong to each class. “If m objects are put into m pigeon-holes and each 
pigeon-hole contains at least one object, then each pigeon-hole contains ex- 
actly one object.” 

Alternatively: It would suffice to require that each pair of m numbers be 
incongruent. “If m objects are put into m pigeon-holes and each pigeon-hole 
contains at most one object, then each pigeon-hole contains exactly one object.”’ 


Examples: Any m consecutive numbers, for example 1,...,m, or the 
integers of the interval <a (exclusive) to ay (inclusive) constitute a com- 


plete set of residues, since they are incongruent to each other. 
Our old Definition 14 can now be expressed as follows: The number of 
solutions of 


f(«)=0 (mod m) 
is the number of its solutions taken from any complete set of residues. 


DEFINITION 16: By a reduced set of residues mod m is meant a set of 


g(m) numbers exactly one of which belongs to each of the classes all of 
whose numbers are relatively prime to m. 
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Once again it suffices, given @(m) numbers, to require either that at 
least one belong to each of the above-mentioned g(m) classes or that each of 
the @(m) numbers be relatively prime to m and that each pair of them be 
incongruent. 


THEOREM 62: If (k, m)=1, then the numbers 
O-k,1-k,2-k,..., (m—1)-k 


constitute a complete set of residues mod m. 


More generally: Jf (k,m)=1 and ay,..., dm is any complete set of 
residues, then so 1s ayk,..., mk. 
Proof: From a 


a,k=a,k (mod m), l<rsm, l<s<m 


it follows by Theorem 56, since by assumption (k, m)=1, that 


a,=a, (mod m) 


and 
12: 


the terms a,k are therefore mutually incongruent. 


THEOREM 63: If (k, m)=1 and tf a1,..., Gorm) constitute a reduced set 
of residues mod m, then so do ayk,..., © om) k. 


Proof: Each of these p(m) numbers is relatively prime to m (for any 
common factor of a,k and m would have to go into a, and m) ; also any two 
are incongruent, by Theorem 62. 


THEOREM 64: If (a, m)=1, then the congruence 
ax-+a,=0 (mod m) 

has exactly one solution. 

Proof: By Theorem 62, 

a-0, a-1, ..., a(m—1) 

constitute a complete set of residues; hence exactly one of these numbers 
is =—d, (mod m). 

THEOREM 65: 1) The congruence 
(11) axz-+a,=0(mod m) 


is solvable if and only tf 
(a, m) |do. 
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2) In that case the number of solutions =(a, m), and the congruence 
is satisfied by precisely all of the numbers x im a certain residue class 


mod (eg) 
(a, m) | 
Remark: Theorem 64 is obviously a special case of this theorem, but 
is made use of to prove it. 


Proof: 11) If (11) is solvable, then 


ax+a,=0 (mod (a, m)), 
a,=0 (mod (a, m)). 
12) If 
a,=0 (mod (a, m)), 


then, by Theorem 64, the congruence 


a a, m 
12 i (moa "| 
Sd (am) (a, m) (a, m) 
is solvable. Hence, by Theorem 58, (11) is satisfied. ra 
2) If (a, m)|/ao, then (12) has exactly one solution mod (Gan); accord- 
b) 


ing to Theorem 64; since (11) and (12) have the same solutions, by Theorem 
58, it follows that (11) has (a,m) solutions (solutions mod m, as usual), 


since if d>0 and d/m, then a residue class mod + breaks up into d residue 
classes mod m. 


THEOREM 66: Let n>1 and let at least one of the numbers ay,..., On 
be different from 0; set 
(Gi v5.) On)=d. 


We claim that the diophantine equation (i.e., equation with integral 
coefficients and unknowns) 


Q,%,+°++>+Gn%,=C 
is solvable if and only if 
dlc. 


Hence, in particular: If (a, b)=1, then 


is solvable. 
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Proof: 1) If exactly one coefficient does not vanish, say a, then 
@,%,+0-a,+--+-+0-tn=c 
is obviously solvable if a/c, that is, if 
(Gen Osos 9.0) LC 


2) Ifat least two coefficients do not vanish, then we may assume without 
loss of generality that no coefficient vanishes; for otherwise we simply omit 
those terms Gm4m for which a,—=0, and this does not alter the value of the 


greatest common divisor of the coefficients ; the number of terms that remain 
is then still =2. 

Without loss of generality we may even take all the coefficients to be 
>0; for we merely have to replace each negative @m by —dm (which does not 
alter the greatest common divisor) and the corresponding + by —2m. 

We may therefore assume that 


n> 1d, ), «..5. 04-0. 
21) If our diophantine equation is solvable, then obviously 


A[Q,X,+++++On%n, 
d/c. 
22) Let 
dlc. 


221) If n=2, then we merely have to show that 
a,2,=c (mod a,) 
is solvable for x;. This follows from Theorem 65, since 
(a,, a) /—C. 


222) Let n>2, and assume the assertion proved for 2,...,n—1; if 


we set 
(21, -- +) Gn) = 


then, by (9), 
(G, A5 =<. 


From what we showed in 221), it follows that 
AL+AnIn=C. 


for suitably chosen +, +». By our induction hypothesis for n—l, it follows 


in addition, since 
(Bq) -- +) On—1)/(@%, 
that 
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G, 2, ++ +++ On—1 Up =X 
for suitably chosen *+1,...,4n—1, so that, finally, 
Qy%y+ + +> +On—1 Fp Antn=C. 
THEOREM 67: If (a, b)=d and dc, then 
ax-+by=c 


is solvable, by Theorem 66; also, given any solution %o, yo, all the solutions 
are of the form 


b a 
c= tha, i Yo—ha, 


where his arbitrary. 


Proof: 1) The fact that such a pair +, y satisfies the equation follows 
from the relation 


a(x +h%)+0(y—h4) am +byy=e. 
2) The fact that no other solutions exist is seen as follows. Without 
loss of generality, let b-+-0. (Otherwise interchange a and 5, and observe that 


as h runs through all the integers, so does —h.) Since 


ax+by=c=ax,+by,, 
it follows that 


ax—c=0 (mod |O)), 
a@x,—c=0 (mod |d)), 
and hence by Theorem 65 (with a= —c, m=|b|), we have 


L=X,y (moa iB) 


c= he 


hay = oN ha ha a 
by=c—ax=c—a (2, +45)=(c—a %)—b——- =b y—bF=6(y,—h5), 


a 
y= Yo—h as 
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THEOREM 68: If (a,b)=1 and if +o, yo is any solution of (13), then 
all the solutions are of the form 


xr=xX,+hb, y=y—ha, 


where h is arbitrary. 


Proof: This follows from Theorem 67, with d=c—1. 


THEOREM 69: 1) The congruences 
(14) x=a, (mod m,), 
(15) x=a, (mod m,) 
have a common solution if and only af 
(16) (m,, m,)/@,—p. 


In particular, therefore, they always do if (m1, m2)=1. 

2) If condition (16) is satisfied and if m represents the smallest common 
multiple of my and mg, then the common solutions of (14) and (15) consist 
of all the numbers in a certain residue class ‘mod m. 

Proof: 11) If we set (m, mz) =d, then it follows from (14) and (15) 
that 

x=a, (mod d), 
x=a, (mod d), 
a,=a, (mod d), 
d | a,—4,. 
12) 71 
d | @4— G2, 


then from among all solutions of (14) of the form 
z=a,+ym, (y arbitrary) 

we can certainly choose one for which (15) holds. For we need 
a,+ym,=a, (mod m,) ; 

this is equivalent to 

(17) m,Yy+(a,;—a,)=0 (mod m,) 


which, by Theorem 65, 1), is solvable. 
2) If (16) is satisfied, and therefore (14) and (15) along with it, then 
congruence (17) is satisfied for suitably chosen yo precisely by 
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Y=Y (mod m2) 
m 
by virtue of Theorem 65, 2). Therefore, since } a =m (by Theorem 11), 
all the numbers # satisfying (14) and (15) are given by the formulas 


m,™, 


2=0,+( the? )m,=a,+-m,y,+h 7 =a,+m,y¥,+hm, h arbitrary, 


but these constitute a certain residue class mod m. 


TuHeoreM 70: Let r>1, and let every pair from among the numbers 
My,..., M, be relatively prime. Then the congruences 


(18) x=a, (modm,), n=1, ..., 7 
are consistent, and their common solutions consist of all the numbers in a 
certain residue class mod mymM2... Mr. 


Proof: 1) For r=2 this follows from Theorem 69, since m=m,mg in 
that case. 

2) Let r>2, and assume the theorem proved for r—1l. Then the first 
r—1 congruences (18) are covered by 


x=a (mod m, --- m,_4). 


for a suitably chosen a. Hence, by Theorem 69, the conclusion follows, since 
M,*** Mr is relatively prime to m,. 


THEOREM 71: Let r>1, and let each pair of numbers from among 
M1,..., Mr, be relatwely prime. Then the number of solutions of 


(19) f{()=0 (mod mm, «++ m,) 
equals the product of the numbers of solutions of 
(20) f()=0 (mod m,), ..., {()=0 (mod m,). 


é 
In particular: If m>1 and m= IT Pn® is its canonical decomposition 
n=1 


then, if r>1, the number of solutions of 
{(x)=0 (mod m) 
equals the product of the numbers of solutions of 


{(x)=0 (mod p,!n). 
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Proof: First of all, it is clear that (19) is satisfied if and only if the r 
congruences in (20) are simultaneously satisfied. Hence if one of these has 
no solution, then neither does (19). If the congruences in (20) are all solv- 
able, then by Theorem 70, to each choice of a system of residue classes 
mod my, ..., mod m, satisfying the respective congruences in (20) there cor- 
responds one-to-one a residue class mod m,...m, that satisfies (19). 


THEOREM 72: If 
f(%)=cy te, e+-+-+ ene", Pt Cr, 
then the congruence 
(21) _ {(%)=0 (mod p) 
has at most n solutions. 


Proof: 1) For »=0 this is obvious, since for every +, 


Co== 0 (mod p), 
so that (21) has no root. 


2) Let n>0, and assume the theorem true for n—1l. If (21) had at 
least the n+1 (incongruent) roots 70, #1, ..., 4%n, then if we note that 
n n 
f(x)—f (%)) =~ ¢-(x*—2%,")=(4—%) men ACER rt 2 i : -+2%,"—*) 
r=1 r= 
=(x—2y) g(x) 
g(x)=b,+6,x+- + b,—1 2"—}, bp-1=Cy Pt bn—1y 
it would follow that 
(x1 —2,)9 (22) =f (21) —f (a7) =20—0=0 (mod 7), 
for k= 192 yn, so that 


and 


g (x)= (mod p), 
contrary to the induction hypothesis for n—1. 


TueroreM 73: Let a>O0, b>0, and (a,b)=1. Let x range over a 
complete set of residues mod b and y over a complete set of residues mod a. 
Then ax-+-by ranges over a complete set of residues mod ab. 


Proof: Of the ab numbers ax+by, any two are incongruent mod ab. 


For if 
ax,+by,=ax,+by, (mod ab), 


ax,+by,=axz,+by, (mod b), 
ax,=ax, (mod B), 
2,=x, (mod 6), 


then 
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and similarly, by symmetry, 
Y,;=Y_ (mod a). 


TuroreMm 74: Let a>0, b>0, and (a,b)=1. Let x and y range over 
reduced sets of residues mod b and mod a, respectively. Then ax-+-by ranges 
over a reduced set of residues mod ab. 


Remark: This is the direct proof of Theorem 44 which we announced 
earlier. Since Theorem 43 was also proved directly, there thus results a new, 
direct proof of Theorem 42, and consequently of Theorems 41 and 40; up to 
this point, everything had been obtained from the Mobius Inversion formula. 


Proof: If (x,b)>1, then certainly (ax+by, ab) >1; for (4, b) divides 
ax--by and ab, and hence divides (ax+by,ab). If (y,a)>1, then, by 
symmetry, (ax-+by, ab) >1 as well. 

What remains to be shown, by Theorem 73, is that if 


(eab Vani ganday, a) =1, 
then 
(ax-+by, ab) =1. 


In fact, let p/(ax+by, ab). Then we would have p/ab, so that, without loss 
of generality, p/a; moreover, p/(ax+by), so that p/by, and consequently 
(since (a,b)=1) ply, contrary to the assumption that (y,@)=1. 


THEOREM 75 (The so-called Little Fermat Theorem): If (a,m)=1, 


then 
a?™=1 (mod m). 


Remark: It is not known whether the so-called Last Theorem of Fermat, 
which is discussed in Parts 12 and 13 of my Vorlesungen iiber Zahlentheorie, 
is true or not. I would therefore rather refer te it as the Fermat Conjecture, 
and to Theorem 75 simply as Fermat’s Theorem. 


ETO} Me Uels Oana Loom) be a reduced set of residues mod m. Then, by 
Theorem 63, @@,,..., Agim) is also such a set. Hence the numbers a, are 
congruent to the numbers aa, (n=1,...,q@(m)), apart from their order. 


Hence the product of the a, is congruent to the product of the aay, or 


y(m) yim) ym) 
le lone Ul Gopal GG,) ating: ie an (mod m), 


n=1 
so that, by Theorem 56, 


1=a?™ (mod m). 
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THEOREM 76: If p+a, then 


a? —~1=1 (mod 7); 


for any aat all we have 


a?=a (mod pp). 


Proof: The first statement follows from Theorem 75, since p(p)=p—l1; 
the second follows from the first by Theorem 51 if p+a; and if pla, it is 
trivial, since 

a?=(0=a (mod p). 

THEOREM 77 (The so-called Theorem of Wilson): (p—1)!=—1 

(mod p). 


Two Proofs: 1) For p=2 and p=3, the statement is obvious. For 
p>3, I consider the p—3 numbers 


(22) 2, 3,..., p—3, p—2. 

For each r in this sequence, p+r, and hence, by Theorem 64, there is exactly 
one s in the sequence 0, 1,..., p—1 for which 

(23) rs=1 (mod p). 


s=0 does not obtain here; nor do s=1 and s=p—1, since otherwise r would 
be =2=1. The s therefore occurs in the sequence (22) as well. Moreover, 


8=ET; 
f 
fe r?=1 (mod p) 


would give 


p|(r—1) (r+ J), 
r= 1 (mod p). 


Hence to each r in (22) there corresponds exactly one s=-r in (22) for 
which (23) holds. Since rs=sr, it follows, conversely, that 7 is uniquely 


determined by s. The p—3 numbers in (22) thus break up into P 9 pairs 


in such a way that the product of the numbers in each pair is =1. Hence 
pas 
(p—2)!=2-3---(p—2)=1 2 =I! (mod p), 
(p—1)!=(p—1) (p—2)!=—(p—2)!=—1 (mod 7). 
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2) If we set 
p—l1 
f(~)=a? -1—1—IT(a—m), 
m=1 


then clearly 


f(@)= Cy Cy % + +++ + Cp— a0? —®. 
By Theorem 76, the congruence 
f(#)=0 (mod p) 
has at least the p—1 roots r=1, 2,..., p—1l. Hence, by Theorem 72, 
Co =C, =: + -=Cp_2=0 (mod 7p). 


Our result then follows from the fact that 


Coir ee (Pal) 


CHAPTER VI 


QUADRATIC RESIDUES 


DEFINITION 17: If the congruence 
_x?==n (mod m) 


has a solution, then n is called a quadratic residue modulo m; otherwise, n is 
called a quadratic non-residue modulo m. 


Example: 0,1, and all other perfect squares are quadratic residues 
modulo any number. 


DEFINITION 18 (Legendre’s Symbol): Jf p>2 and p+4n, let 
=) a, 1 if nis a quadratic residue (mod p), 
p) ies if n is a quadratic non-residue (mod p). 
et 


Example: (= )=1 if p>2 and p+ m;in particular, (5)=1 if p>2. 
THEOREM 78: Let p>2. If n=n’ (mod p) and p+tn, then 


Proof: By hypothesis, we certainly have p+n’. From +?==n (mod p) 
it follows that +?==n’ (mod p), and conversely. 


THEOREM 79: Let p>2. In every reduced set of residues mod p there 
p—l1 ees 
2 2 


—1 
bers n for which a =—l. The first set of P 9 numbers are represented 


= \2 
by the residue classes to which the numbers 1?, 2?,... (es belong. 


are exactly numbers n for which (2)— 1 and hence exactly P 


nuUm- 


In particular, therefore: Given p>2, there exists an such that 


54 Part One. VI. QuaprRATICc RESIDUES 


Proof: The congruence 
x*=n (mod p), 


if it is at all solvable, has at least one solution in the interval OS*p—l1 ; but, 
by Theorem 72, it has at most two solutions in that interval, and in case p fn 
the number 0 is not one of them. Since 


(p—x)*=(—2x)*=2? (mod p), 


ha! : —1 
there is consequently exactly one solution in the interval lees? . 


Hence any two of the numbers 
=e 
1S. 28y,. (=) 


are incongruent. 
The theorem has thus been proved. 


THEOREM 80 (Euler’s Criterion): If p>2 and ptn, then 


n? =(*) (mod 7). 


Remark: The fact that 
Pa 
n * =+1 (mod p) 


is a consequence of Fermat’s Theorem to begin with; for from 


n?—1=1 (mod p) 
it follows that 
p—1 


(24) pin * —1)(n Fh). 


Proof: The modulus in the proof will be p throughout. 


1) Let 
)- 


xi=n, 


Then there is an x such that 


Hence, by Fermat’s Theorem, 
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2) Let 


The congruence 


p—l 


has at most 5 


solutions, by Theorem 72. By 1) and Theorem 79, it has 


—1 : : 
at least ? 5 solutions, namely the quadratic residues in any reduced set of 


residues ; hence there are no further solutions. Thus, by (24), our number n, 
being a quadratic non-residue; satisfies the congruence 


p—l1 


n 2? +1=0. 

THEOREM 81: If p>2, p+n, and ptn’, then 

aac. 
p p/\p/ 

In words: The congruence +?==nn’ is solvable if and only if the congru- 
ences +?==n and x*==n’ are both solvable or both unsolvable. Expressed in 
yet another way: If n and n’ are both quadratic residues or are both quadratic 
non-residues, then nn’ is a quadratic residue; if one of them is a quadratic 


residue and the other is a quadratic non-residue, then the product is a quad- 
ratic non-residue. All of this under the assumption that p>2, p}n, and pfn’. 


Proof: By Theorem 80, we have 
wn) an)? ann’? =(2)(2) 
se== | =n sae IA See mod 7). 
(S) =n) w® =(%)(Z) (mod p) 
(== )—(-} (“)=0, 2or —2 
P PSP 


()-(2) (x0 
Pp Pp’ <p 
THEOREM 82: If p>2,r=2, and p}m,...,p4+Mr, then 


()-(2).-(2) 


Proof: Theorem 81. 


lh 


Since 


and p>2, we have 
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If p>2 and pn, then the symbol (=) breaks up, by means of Theorem 


—1 2 : 
82, into simpler symbols of the form ( —), (=), and (),wnere q is an 
odd prime different from p. The following three main theorems of the theory 


of quadratic residues (Theorems 83, 85, and 86) are concerned with these 
three types. 


THEOREM 83 (The so-called First Supplement to the Quadratic Reci-— 
procity Law): 


or, more explicitly, 
(—)= 1 for p= 1 (mod 4), 
p —1 for p=—1 (mod 4). 
In words: Every odd prime divisor of +?-+-1 is =1 (mod 4), and every 
p=1 (mod 4) divides #?+1 for suitable numbers 7%. 
Proof: By Euler’s Criterion (Theorem 80), we have 


—i 


()=-* (aod ») 


since p>2, we have equality. 


THEOREM 84 (The so-called Gaussian Lemma): Let p>2 and ptn. 
Let us consider the a numbers 


nm, 2n, .... —s—N 


and determine their residues mod p. We obtain (by Theorem 62) 


p—l 
2 


distinct numbers, which are >0 and <p. Let m be the number of these 


residues which are + (ie, =P sa ). (m can also =0; for example, 


it always does if ied 
We assert that 


Cae 
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Example: p=7,n=10. The numbers 10, 20, and 30 leave residues 


of 3, 6, and 2, respectively. In this case m=1, and hence (-)==1 by 


Theorem 84. Andi in fact, the congruence +7=3 (mod 7) is unsolvable. 


Proof: Let the modulus be p throughout. j=? —m is the number 


of residues which are <4 (Lens ae 9 Pash In case />0, denote these 


numbers by a,...,@,; let the residues > 5 occurring in the theorem be 


bi,..., bm, in case m>0. If we multiply all of the a residues (that 


is, all of the a,, b+), we obtain the congruence 


p—l 


1 m 2 Sal p—1 
IT a, 7 tb: TT hn PS \tn *. 
heen pace h=1 is ( 2 ) e 


The “complements” of the numbers b; (I mean the numbers p—b;) belong 
p—l 
2 


true of the numbers 0;. Furthermore, each a, is distinct from each p—b;; for 


to the interval from 1 to Any two of them are distinct, since this is 


a= p—by 
would give 
—! — 
en=p—yn, l<a<?—, lxyx?, 
rnS=— yn, «c=—y, 2«t+y=0, 

in contradiction to O<xet+y<p. 

Consequently (since there are fon numbers) the numbers a, and the 
numbers p—0;, taken together, are the same as the numbers l,..., P = in 


some order (the pigeon-hole principle), so that 


(Qa tra, Ft (y—tym(— 1" Tha, Hay (Pw ® 


s=1 t= 
pe 
1=(—1nn 
and consequently, by Theorem 80, 


(=) 2, ee (—1)”, 


@)-cr 
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THEOREM 85 (The so-called Second Supplement to the Quadratic 
Reciprocity Law) : 


(C)=- Naat 


(8a+1)2—1 —1 
8 


—8a?+2a and Gary 8at6a+ 1) 


or (noting that 


more explicitly : 
(a) 1 for p=+1(mod 8), 
p =| —1 for p=+3 (mod 8). 


Proof: For p>2 and n=2, Theorem 8 gives 


2—] 
=" (mod 2). 
For, the numbers i 
Dy Pk. ae 


are themselves already >0 and <p, and thus they are their own residues ; 


and 
iu 


9g <2h<p 


is true whenever 
Pcn<s, 


that is, S| =o | times; if p=8a+r, where r=1, 3, 5, or 7, then this is 
4a—2a=0, 4a+1—2a=1, 4a+2—2a—1=1, 4a+ 3—2a—1=0(mod 2), 
respectively. 


A more elegant proof of Theorem 85 is presented during the proof of 
the next theorem. 


THEOREM 86 (The Quadratic Reciprocity Law, first conjectured by 
Euler, first proved by Gauss) : Let p>2 and q>2 be primes, with p-+-q. Then 


(B(Q=y7 
- 


We 
5 is odd for p=q==3 (mod 4), and is otherwise 


In words (since 


even) : The congruences 
x'=p(modq), y*=q(mod p) 


are both solvable or both unsolvable, unless p=q==3 (mod 4) ; if p=q==3 
(mod 4), then one is solvable and the other unsolvable, 
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Proof: For the time being, let the value g=2 be admitted; but let q 


still be a prime number =-p. If ete, then 


(25) kq=aptr, l<r.<p—l, 
where the numbers r; are the numbers a, and J; of the proof of Theorem 84 
(with n=q). 
In this formula, 
ie | 
qk [ p ‘ 
We already know that the numbers a, and p—t,, apart from their order, are 


| Eig c=. If, for the sake of brevity, we set 


then 


jes he ae er 


2 
i ae =e ee ae 


By addition of the equations (25), it follows that 
pot iWeoe DESS 


2 2 2 
q=p Dw, Uk + px r,=P px: Get+at+b. 
k=1 k=1 k=1 


pal 


Hence 


p—l1 


isos ; 2b 
cy (UE ch lr eld 


p—1 


(26) lee (q—1) =z ge-+m (mod 2). 
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1) (Alternate proof of Theorem Ob) )peLet G==z.0ml hen every qx, 
so that, by (26), 


and thus, by Theorem 84, 


2) pene 
(S)=cayr=—n ©. 
2) Let g>2. Then, by (26), 


2 
m= q, (mod 2), 
(Fal 
so that, by Theorem 84, 


p—1 


oF 
(£)=(—1y"=(—) : 


By symmetry, we have 


q—t 


F [2 
Baye! 


p—1 gt 


()(2) yell AGF] 


It therefore suffices to show that 


p—1 q=—1 
Tee 2 [(lp|__p—lq—l 
ZG 2 else Fee» 
It will even turn out that 
p—1 q—1 
a [k aoit p—lq—1 
" Ela Gelaeie 
( k=1') aoe q 2 2 


and we shall not make use of the fact that p and q are distinct odd primes 
but only of the fact that they are relatively prime odd numbers >1. 


Indeed, let us consider the = — numbers 
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lp—kq, where k=1, ..., ar t=1,..., ee 


(Whether they are distinct does not interest us: Exercise for the reader.) 
None of these numbers is 0; for otherwise we would have 


lp=kq, qllp, qll. 


The number of positive numbers among these P = = 
ask 


2 
clearly 2 [] for let 


numbers is 


lp p—l 
pase — aes 


Lp 


—l1 . lp. , : 
q ; since va is not an integer, it follows that l<k< m7 


2 


for every /==1;)" .., 


has exactly |“? | solutions, and moreover k < —=*+, k<*— 
q 


matically true. 
p—l 


2 
The number of negative numbers among those is 2 [=4]. by symmetry. 
k=1 


Thus (27) is established. 


Example of the application of the Reciprocity Law: By means of this 
law, we can tell at a glance which are the primes that have the number 3 as a 
quadratic residue. Indeed, it follows from the Reciprocity Law for p>3 that 


3 p i Seat 
2 

G-G- *- 

By Theorems 78 and 83 we have, in this formula, 


4\1 ‘for p=1 (mod 3), 
(5) 


(Z\=) 7° 
3 —)=-1 for p=2 (mod 3), p>2; 


furthermore, 


5 ?= { 1 for p= 1 (mod 4), 
(—1) © =)—1 for p=—1 (mod 4). 
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Hence 


(2)= 1 for p==+1 (mod 12), 
p —l for p=+5 (mod 12). 


More generally one sees that for a fixed odd prime q the symbol (2) 
has the same value for all p (provided there are any) that belong to the same 


reduced residue class mod 4q. Indeed, (2) has, by Theorem 78, the same 

die 
value for all odd p belonging to a reduced residue class mod q, and (—1) ? 
has the same value for all p belonging to a reduced residue class mod 4. 


TuHeoreM 87: Let!l>Oand p}n. Then the number of solutions of 
(28) v2=n (mod p’) 
has the following value; 
Ljor y= 2) I=, 
0 for p=2, l=2, n=3 (mod 4), 
2 for p=2, l=2, n=1 (mod 4), 
0 for p=2, 1>2, n==1 (mod 8), 
4 for p=2, 1>2, n=1 (mod 8), 


1+(=) for p>2 


Proof: 1) «#?==n (mod 2) has a root r=1 (mod 2) if 2tn. 
2) #?==3 (mod 4) has no root. 
3) #?==1 (mod 4) has two roots, ==-1 (mod 4). 
4) Let p=2, 1>2, 2+n, and n3=1 (mod 8). If 
(29) xv’2=n (mod 2°) 
were solvable, then + would be odd and we would have 


x?=n (mod 8), 
so that 


x*==1 (mod 8). 
However, the square of any odd number is =1 (mod 8). 


5) Let p=2, 1>2, and n=1 (mod 8). Without loss of generality, let 
O<n<2!. The solutions of (29) need be sought merely among the 2!-1 odd 
numbers » satisfying 0<4<2!. . 

For every such x we certainly have 


x*?=m (mod 2’) 
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for suitably chosen m==1 (mod 8) in the interval O0<m<2!. Each of these 
2'-8 numbers m occurs at most four times. For from 


x*=2," (mod 2°), 2+2, 


2!/(w—ag) (%@+ Xp); 


since x and % are odd, so that +—:, and ++) are even, we have 


it follows that 


gi—s L+ 2 L—2Xy 
ee ot ee 
2 does not divide both of the factors a and ae 


odd ; hence 


, since their sum ~& is 


ye oe pees 
: 2 oa 
that is, 
L= Fa, (mod 2'—4), 

which yields at most four values for x. 

Since the 2’—1=4.2!—3 numbers ~» are distributed among 2’—* pigeon- 
holes in such a way that there are at most four in each, it follows that there 
are exactly four in each, and therefore the given n-hole contains exactly four. 


6) Let p>2Z. 
61) Let (4)= —1. Then we already have that 


x?=n (mod p) 
is unsolvable, so that 
(28) 2?=n (mod p') 
is certainly unsolvable, and the number of solutions of (28) is 
nN 
soi), 
a p 


62) Let (4 )=1. Without loss of generality, let 0<n<p'’. The solu- 


tions of (28) need be sought merely among those g(p’) numbers + in the 
interval 0<x<p! that are not divisible by p. 
For every such x we certainly have 


x?=m (mod p') 


—] 1 
for suitable m with (=)= 1,0<m< vp’. Each of these is a p= oy 7(p') 


numbers occurs at most twice. For from 


a?=a,? (mod p'), pfx, 
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it follows that 


p|(x-+%) (x—%p)- 


p does not divide both of the factors x—+, and ++%o, since their sum 2% is 
not divisible by p ; hence 


x= Fa, (mod 7), 
which yields at most two values for +. 
se : 
Since the y(p') numbers ~% are distributed among a y(p') pigeon-holes 


in such a way that at most two are in each, it follows that there are exactly 
two in each, and therefore the given u-hole contains exactly two. Therefore 
the number of solutions of (28) is 


2=14(2). 


THEOREM 88: Let m>Oand (n,m)=1. Then the number of solutions 
of 
x?=n (mod m) 
has the following value: 


0, if 4/m, 84m, and n==1 (mod 4) ; 
0, if 8/m and n==1 (mod 8) ; a 
0, if a prime p>2 for which (=)= —1 goesintom. 


Otherwise, if s ts the number of distinct odd p|m, then the number of solutions 
1s: 

2° ~~ for 44m, 

2°+1 for 4/m, 8+m, 

2§+? for 8/m. 


Proof: For m=1 the statement is true (the number of solutions is 1) ; 
for m>1 the number of solutions of (28) for the various primes p/m and 
their accompanying multiplicities ] appearing in the canonical decomposition 
of m is multiplicative, by Theorem 71. Our statements therefore follow. 
For if p=2, then 0 is the number of solutions of (28) when 4/m, unless either 
I=2 and n=1 (mod4) or />2 and n=1 (mod 8); if p>2 it is 0 when 


(=)=-1 . Otherwise, the power of 2, if there is any, supplies a factor of 


1 to the last formula if /=1; 2 if l=2; and 4 if 23; and every odd p/m that 
occurs supplies a factor of 2. 
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The introduction, which is to follow, of the so-called Jacobi symbol, a 
generalization of that of Legendre, will, among other things, make the decom- 
position of || into prime factors unnecessary for the complete analysis of 


n 
(=) where p>2 and p}+n. In particular, the five main properties (Theo- 


rems 78, 81, 83, 85, and 86) of Legendre’s symbol will turn out to be true 
for Jacobi’s symbol as well. 


DEFINITION 19 (Jacobi’s symbol): Let m>0, let m be odd, and let 
m=IIp, be the decomposition of m into prime factors (with repeated factors 


r=1 
written an appropriate number of times) ; furthermore, let (n,m)=1. Then 


(*)=7 (2). 


This definition is meaningful, since the factors on the right are defined 
as Legendre symbols, because p,m and p,>2. And for m=p>2 it agrees 
with Definition 18. 


1 2 
Examples: (—)=1 for odd m>0; (=) =1 for odd m>0, if (a, m)=1. 
One should not be tempted to think that for odd m>0 and (n,m)=1, 


(This represents 1 if m=1.) 


we have (*)=41 precisely whenever m is a quadratic non-residue; but 
m 


rather : whenever m is a quadratic non-residue of an odd number of p,. Thus 
if n is a quadratic residue of m (and consequently a quadratic residue of all 


the p,) then (but not: then only) (= )=1. 


THEOREM 89 (Generalization of Theorem 78): Let m>0 be odd, n=n’ 
(mod m), and (n,m)=1. Then 


Proof: By hypothesis, we certainly have (n’,m)=1. By Theorem 78, 
since n==n’ (mod p,) and p,4n, we have 


@)-@ 


for every p,m, from which our result follows by multiplication with respect 
to all the r. 
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Tueorem 90: For m>0 odd, m’>0 odd, (n,m)=1, and (n,m’)=1 
(in short, if the left-hand side of the following equation is meaningful), we 


a (2)(*)=(%). 


Proof: mm’ is >0, odd, and relatively prime to n. Consequently, if 


AOE aera) 


where the product is taken over the prime factors of mm’ (with the proper 
multiplicities), and therefore 

tara) 

~ \mm'7* 


THEOREM 91 (Generalization of Theorem 81): Let m>0 be odd, 
(n,m)=1, and (n’,m)=1. Then 


Ge) 
mm) \m/\m/7° 
Proof: We have (nn’,m)=1. For p,/m we have, by Theorem 81, 
Goris, 
Pr Pr? Pr : 


from which our result follows by multiplication with respect to all the r. 


THEOREM 92 (Generalization of Theorem 83; the so-called First 
Supplement to Jacobi’s Reciprocity Law): Let m>0 be odd. Then 


ra 


Proof: For m=1 this is obvious; consequently, let m>1. 
For odd u and w’, we have 


Bert: (u—1) (w’—1)=0+(mod 4), 


uu'— 1l=(u—1)+(uw'—1) (mod 4). 


For odd ™,...,%,, we therefore have 
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IT u,—1= & (u,—1) (mod 4), 
r=1 


r=1 
ily —1. i 1 
(30) == 27 (mod 2), 
t Ye 2 
IT ur—1 
f=1 Ur — | 
2 2 2 
y * =7(-1 
From m= II p, , since (by Theorem 83) 
r=1 
- pr—1 
=) 
=) 
(S)-cy *, 
it therefore follows that 
IT pre—1 


= m—1 


—)=H(—)- 7-1 CW marc a} 2 ea 

( m ) r=1\ Pr ae ) ( ) ( ) 
THEOREM 93 (Generalization of Theorem 85; the so-called Second 

Supplement to Jacobi’s Reciprocity Law): Let m>0 be odd. Then 


9 m—1 
7 8 

()=cy *. 

Proof: For m=1 this is obvious; let m>1. 


For odd u and wv’ we have 
(u?— 1) (u/2—1)=0 (mod 16) (and in fact even (mod 64)) ; 


hence 
u? w?—1=(w2—1)+(u?—1) (mod 16). 


For odd 14,..., 4p, we therefore have 
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From m= i p, and the fact that, by Theorem 85, 


ri ya t 


prri—l 
()--y * , 
it therefore follows that 
. 2 
IT pr) —1 
(j= n(5)= 4 ey Spe a 
m r=1\Pr r=1 


TuHEorEM 94 (Generalization of Theorem 86; Jacobi’s Reciprocity Law) : 
Let n and m be >0, odd, and relatively prime. Then 


n—1lm—1 


Ew 


Proof: Without loss of generality, let n>1 and m>1; their decomposi- 
tions into prime factors can be denoted by n=l p and m=IJIq. Then, by 
Theorems 90 and 91; we have 


Co) Gag)=# Gig) = 77), 


(| 


(")-un(2), 


so that, by Theorem 86 and (30), we have 


(2)(@)-0(2)(Q)=nenF aye 
= s si" 4 Ip—1 Iq—1 n—1m—1 
Se eae Seay a 


Examples of the application of Jacobi’s symbol: 


383 
1) Legendre’s symbol ES A ) (443 is prime) can be computed rapidly 


by the application of the theorems on the Jacobi symbol, as follows; 


(Gs)-—(Ges)-—(Ges)= HEA (EL) —(se5)= a (as) 
-(i)(3)=(3)=1 
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‘ 35 
2) The Jacobi symbol (=) (87 is not prime, but is relatively prime to 


35) can be similarly computed thus: 


(7) -—-(35) =) -- Ge) -- Ge) 
eee SO 86 IT) NT) 
The computation is often simplified by the use of: 


THEOREM 95: Let n and m be odd and relatively prime. Then 


Eilts GC Pasa if n<0 and m<0, 


2 * 
= otherwise. 


Proof: 1) If and m are >0, then this is Theorem 94. 
2) Ifm and m are <0, then by Theorems 92 and 94, 


(a) =e) Gr) ar) ar) at) Ga) 


— — ele L ue — thes 1 eee al 1 
je ee wae sin at a 
|n|—1- |m|—1 |n|-+-1 |m|+1 net) mtd 
thet eae 
1) 2 2 ed ee | 2 2 ay SE feo | 2 2 
( Peo (al) 
(2 ae ae 


3) If one of the numbers m and m is positive and the other negative, then 
without loss of generality let n>0 and m<0. Then, by Theorems 92 and 94, 
we have 


)G)-QS-QoQ-ar 


n—1|m\|+1 n—1—m-+1 n—1lm—1 


(1) 2 2 =(—1) 2 2 —(—1) 2 2 ; 


Example: a= = e for p>3, since p>0O and —3=1 (mod 4). 
Pp 


The rest of this chapter is not important in itself, but is used in Part 
Four (which is itself applied only later on, in Volume 3 of my Vorlesungen 
iiber Zahlentheorie). Thus the reader, if he is curious about how number 
theory continues, may skip the rest of this chapter for the time being. But I 
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urge him to be sure to read Part Four (and therefore the rest of this chapter), 
especially since it deals with one of the mainstreams of classical number theory 
and of Dirichlet’s classical work, and since I am not happy about the fact that 
nowadays, aside from the ABC of number theory, we study only modern 
concepts. 


DeriniTion 20 (Kronecker’s symbol): (Throughout the rest of this 
chapter) Jet d=0 or 1 (mod 4), and let d not be a perfect square (thus d=5, 


8, 12, 13, 17, 20, 21, .. . or —3, —4, —7, —8,...). Letm>0. Then a 1s 
always given a meaning by means of the following: 
5) : 
—)=0 pid, 
(2-0 on 
Ge 1 if d=1 (mod 8), 
a —1 if d=5 (mod 8) 


(hence (e) = Jacobi’s symbol (3) for 2+d), 


d 
()= Legendre’s symbol, if p>2 and pd, 


(=) eng Ip, (i.e., 1 for m=1). 


m 


For those d and m for which the Kronecker and Jacobi symbols are 
defined (namely for the above d and for odd m>0 relatively prime to d) both 
definitions obviously agree (as they should). 

We notice at once that for (d, m) >1 we always have 


)-0 


and for (d, m)=1 we always have 


Qn 


THEOREM 96: If m,>0and m2>0, then 


Cee) 


Proof: This follows immediately from Definition 20, 


[ Der. 20] THEOREMS 96-97 i 
THEOREM 97: Let k>0 and let (d,k)=1. The number of solutions of 


(31) x°=d (mod 4k) 
as 
d 
2z(7): 


where f runs through the square-free positive divisors of k. 


Remark: Since whenever +x satisfies the congruence so does 42k 
(because (%)+ 2 k)?=a,?+4ka,+4k=a,? (mod 4k)), it follows that 


aN 3. ee : 
aS (5 is the number of # in the interval OS <2k which satisfy congruence 
tlk 


(31). Itis in this form that we shall later apply Theorem 97. 


Proof: 1) Let d be odd, and therefore =1 (mod 4) ; then (d, 4k)=1. 
For every p! in the canonical decomposition of 4k, the number of solutions of 


x?=d (mod p') 
is, by Theorem 87, 
2 for p=2, l=2, 


2(1+(5)) for = 2,2 


(J=1 does not occur when p=2, since 4/4k), and 
1+(5) for p>2, 


From Theorem 71 it follows that the number of solutions of (31) is 


2m (1+(5))=22 (5) 


(since for p=2 we have /=2 if 2+k and />2 if 2/k). 
2) Let d be even, and therefore =0 (mod4). Then k is odd. The 


congruence 
x?=d=0 (mod 4) 
has two solutions ; 
xv?=d (mod p’) 


has ees solutions for p'/k, J>0, so that in this case as well the number 
p 


i 1 Go 
of solutions o is 2m (1+(5) =28 (5). 


Let us set | d |=a throughout the rest of this chapter. 
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THEOREM 98: If m>0 and (d,m)=1, then 
1) for d odd, we have 


(the symbol on the right is a Jacobi symbol) ; 
2) for d even, if 2 goes into d exactly b times, so that d=2'u and u 1s 


odd, and if we set |u|=v, then 


Caoarr Te 


(both symbols on the right are Jacobi symbols). 


Proof: 1) Let d be odd, so that d=1 (mod4). We have m=2!w, 
where w is odd and >0, and/20. By Theorem 96 and Definition 20, we have 


(= Ga)=() G)-G) @): 


so that by Theorems 95 and 91 we have 


G-G) -G)=(@). 


2)e Let d be evens hen 
2°u U 
=-Go-@ @): 
so that by Theorem 95, since m is odd and >0, we have 
Jor Fe 
Cea SG 
THEOREM 99: The number-theoretic function (=) of m has the fol- 
m 


lowing properties: 


1) (2-30 far (ap miyee 


4) = (4 for m,=m, (mod a). 


2 


d 
5) e== for suitable m. 
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Proof: 1) follows from the definition. 


»Q— 


3) we know by Theorem 96. 
41) Let (a,m,)>1. Then we have (a, m2) >1, so that 


==). 


42) Let (a, m,)=1, so that (a, m2) =1. 
421) Let d be odd. By.Theorems 98 and 89, we have 


GJ C)=G=() 

My G7, Nass \m,)- 

422) Let d be even. By Theorem 98, we have 
Saree 7 
m, m, o/’ 
Bears 1G) 
My Mg Be 


On the right, we have 


by Theorem 89 (since v/a and m,;=mz (mod v) ) ; furthermore (since 4/a and 
M,=Mz (mod 4) ), we have 


i 1 et u—1m,—1 


(21) 2 hase) Sie; 


2)-(2) 


2 


finally, we have 


for this is obvious when b=2, and when b> 2 it is a consequence of Theorem 
93 and of the fact that 8/a and m,=mz2 (mod 8). 

51) Let d be odd. Then ais not a perfect square; for if d>0 we have 
a—d, and if d<0 we have a=3 (mod4). For suitable p we therefore have 
a=p'g, where p>2, | is odd, p+g, and g is odd. Let s be a quadratic non- 
residue mod p (s exists, by Theorem 79) ; choose m>0, by Theorem 69, so 


that 
m=s (mod p), m=1 (mod g). 
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Then (a, m)=1, so that by Theorem 98 we have 


)-4)-G) 6-9 G->-— 
G 7 7 )=(4 g p =) lets 
52) Let d be even. 

521) Letbbeodd. Then I choose m>0 such that 


m=b5 (mod 8), m=1 (mod v) 


(which is possible, since (8,v)=1). Then we have (a,m)=1, and by 
Theorem 98 


Q)-GoF *@)-BaO— 


522) Let b be even. Then w is not a perfect square, and by Theorem 98, 
if (a, m)=1 and m>0, we have 


(=v * (2). 


5221) Let u=3 (mod 4). Then I choose m>0 such that 
=—1 (mod 4), m=1 (mod »). 


Then we have (a, m)=1 and 


(av Q)-— 


5222) Let u=1 (mod 4). Then for (a, m)=1 and m>0, we have 


GR) 
m) \ol* 
v is not a perfect square, since we have either v=u or v=—u==—1 (mod 4). 
For suitable p we therefore have v=p'g, where p>2, 1 is odd, p+g, and g is 


odd. Let s be a quadratic non-residue mod p; choose m>0, by Theorem 70, 
such that 


m=s (mod p), m=I1 (modg), m=1 (mod 2). 
Then (a, m)=1, and 


CG) @-@) @-cr- 
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d =| 1 for d>0, 


THEOREM 100: ( 


a—l/ |—1 for d<0. 
Proof: 1) Let d be odd. Then, by Theorem 98, we have 
ae Zales eae fo ES 
SS NS ea eee Ae Sie dior d=. 


2) Letd be even, so that d=2'u, b=2, with u odd. Then, by Theorem 98, 


u—1 
=a) oo * GP) 
Gar ~\a—l1 G) Jul 7 
Here, on the one hand, we have 
2 1 
( fo 


for if b=2 this is obvious, and if b=3 we have a—1=7 (mod 8) ; on the other 
hand, we have 


oot — 1 for d>0, 
ia a eS ~)= e 0 
i) ( | w| ) Go) |u| ( De site=(t for d<0. 

TueoreM 101: For n>0,m>0, and n=—m (mod a), we have 


see (<) if a>0, 
Ge a) anew 


prot: (2) (een =) 


and Theorem 100. 


CHAPTER VII 


PELL’S EQUATION 


In this chapter we discuss the so-called Pell equation, that is, the 
diophantine equation 
(32) v’—dy’=1, 


where d is given (as an arbitrary integer). 

In the cases in which d<0 (ellipse) and in which d=a perfect square >0 
(hyperbola the ratio of whose major and minor axes is rational), (32) will 
easily prove to have only a finite number of solutions, and for d=0 (double 
line) an infinite number. On the other hand, the fact that (32) has an 
infinite number of solutions for any positive, non-square d (hyperbola the 
ratio of whose major and minor axes is irrational), will turn out to be a 
fairly deep theorem (and a gateway to classical number theory). 

If this were not a textbook in number theory, I would not elaborate on 
the term “non-square,” and I would take for granted the equivalence of the 
two notions 


1) Vd is not an integer, and 
2) Vd is not a rational number. 


Since, however, I have proved even simpler things in this book, I offer the 
following calculation: If 


2 
d=(*), a>0, 6>0, (a, b)=1, 
then 
6? d=a?, b?/a?, (b?, a®)=1, b°=1, b=1, d=a?. 
I will first take care of the trivial cases. 
For d<—l, since 1=|d|+y?, we must have 
y=0, c= 1, 
For d=—1, : 
vi y= it 
obviously has the four solutions 


nat, yO ee0 yet Le 


76 


THEOREM 102 Th 
Kosd=a2 0) 
o?—dy=x*—a?y2=(4+ay) (4—ay)=1 
is clearly possible only if 


e+ay=x—ay=x1. 
In that case, 
ep eae seat) ees petit 


For d—0, 


Ee el | 


is clearly satisfied for += -t land y arbitrary. 
If d>0 is non-square (which I will assume from now on), then (32) 
certainly has the two solutions 


Speirs all lk y=0. 


Our main goal is to show that there are infinitely many more. At the moment, 
it is clear only that any further solutions will occur in quadruples ++, +4, 
so that all of them will be taken care of once we know those that lie in the 
positive quadrant +>0, y>0. Moreover, in this quadrant, the larger y is, the 
larger x will be. 


THEOREM 102: Let a be any real number, and let m>0. Then we 
can find x and y such that 


1 
le—ay|<—, 0<ysm. 


Proof: In the expression u—az, let v=0, 1,..., m, and let u=[av]+1 
for each v, so that 
0<u—aval. 


(lf a is irrational, then the m-+1 numbers u—av which occur will all be dis- 
tinct.) Atleast one of the m intervals 


h ee 


—<&<——_; h=0,]1,..., m—1 


must contain two of the m-++1 numbers (pigeon-hole principle). Hence there 
are two numbers, v and v2, such that OSv;<veSm, and two numbers, 14 
and we, such that 


(thy —14,) 4 (m4 23) |=| 22») (0-20) |< —, 


If we set lier y and u2.—u,;—-« then, since 0<y=m, everything has been 
proved. 
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TueEorEM 103: The inequality 


(33) ley <, 


has an infinite number of solutions. (Here we must necessarily have y>0; 


1 r 
hence also «> We =V/d—1>0,) 


Proof: We obtain a solution by Theorem 102, with a= yd, i 
suffices to show that for each solution +’, y’ of (33), we can find a solution 
x, y for which 


je—y]a|<|a2’—y' Jd |. 
For we will then have a sequence of solutions +p, yn (n=1, 2,...) of (33) for 
which = ~ = 
|2,—Yy,\ 4 |>|x—Yyn 4] >-+- >| tn—Yn)d|> --- 
such that we never have both %,,=%p,, and Yn,= Yn, for ae Tha: 


In order to accomplish this, given x’ and y’, let us choose m so large that 


1 
ee teen ta 
aViceutaae ‘ 
(This can be done, since Vd is irrational and y’>0, so that +’—y’\/d=+0.) 
Now »# and y may be chosen in accordance with Theorem 102. Then we have 


ey <|2'—y'Jd|, 
|e—yVa|<— ou 
i] 


TueEorEM 104: There exists a non-zero number k (dependent on d) 
for which the equation 


(34) ead yk 
has an infinite number of positive solutions x, y. 


Proof: For every solution of (33), we have 
1 
|e+yVd|=|(a—-y Vd)+2 yd <7 t2yldsyt+2yVd=(+2]a)y, 
0< |x®@—dy*|=|(e+-y J'd)(w—yJd)|< (142 Vay 142404, 
a®—dy—k, 0<|k|<1+2Yd. 


Consequently at least one of these numbers k corresponds to an infinite num- 
ber of distinct positive number-pairs x, y. (Pigeon-hole principle: If we 
place an infinite number of objects in a finite number of pigeon-holes, then 
at least one pigeon-hole will contain an infinite number of the objects.) 
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THEOREM 105: Pell’s equation (32) has at least one solution with non- 
zero y (and hence at least one solution with +>0 and y>0). 


The proof of this result is the most difficult part of our job; later on we 
will easily be able to deduce from it the existence of an infinite number of 
solutions, as well as obtain a knowledge of all of them. 


Proof: In accordance with Theorem 104, let us choose a number k 
for which (34) has an infinite number of positive solutions. These fall into 
k? classes according as 


%=0,1,..., |ki—1; y=0,1,..., |ki—1 (mod |x); 


some of these classes may, df course, be empty. Consequently at least one 
of the k* classes must contain an infinite number of positive solutions 4, y of 
(34) (pigeon-hole principle), and therefore at least two. We thus have five 
numbers, namely k, 11, yi, 2, and ye, having the following properties : 
t°—dy=k, x,°—d y,"=k, x >0, y, >9, x > 0, y,>0, k=O, 
2, =2,(mod|k|), y,=y, (mod|k)); and not both a,=%,, Yy=Yp- 


I now set 


patie Yo aed A OR Tas ES 
== Y= 


y 
and I will be through as soon as I have shown that 


1) x and y are integers. 
2) yr: 
3) y-0. 


Proof of 1). It follows, from the above congruences, that 


Ly %y— AY, Yg=2,?—d y,?=k=0 (mod |k)), 
5 Yo— Xo Yy= 2, Yx—% Y,=0 (mod |k)). 


Proof of 2). k?(a®—d y?) = (1%, —Y, Yo)’ —d (@y Yo— Xp y;)" : 
= aya? d? y,2y,?—d 4? Yq? —d 9° YP = (wy —d yy") (Hq? —d yg") =, 
xe—d y= il, 

Proof of 3). If y were 0, then it would follow that 
Ut 1, 


—d My (4 Yg—% ty —d yn”) 
i, yee "1 Ns 2 (Yo 2Y1)__ Ya 2 aly; 
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and consequently, since y; >0 and y2>0, that 
Y= Yo 

so that, since 2,>0, 2,>0, #?2=k+dy,’, 2,2=k+dy,’, that 
= Hey 

contrary to the above. 


TueoreM 106: If 41,1 and *2, y2 each satisfy Pell’s equation (32), 
and if x3, ys are determined by 


(35) + (a+; Vd) +4, Vd)=a% +40 


(that is, we set a=-1(2,%,+dy; Yq), Yg= (Ly, Yg+%o Yr) ), then x3, Ys 18 
also a solution of (32). 


Proof: From (35) it follows that 
+(2,—y, V4) (t%—Ys Vd)=2,—y,)4, 
so that by multiplication we obtain 
(2,°—d y,”) (_°—d y,")=2,"—d y,” 


(of course, we can obtain this identity directly from the formulas for x; and 
yz), and consequently 


x,°—d y,?= 1-1—1. 
TuHEoREM 107: If x,y is a solution of (32), if y=-0, and if we set 
x+yVd=n, then 
n>1 for «>0, y>0, 
0<n<1 for x>0, y<0, 
—l<7<0 for x<0, y>0, 
n<—1 for «<0, y<0. 


Proof: 1) For x>0Oand y>0, we have 
n> y=); 
consequently, for <0 and y<0, we have 


7——1, 
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2) For +>0 and y<0, we have 


1=(x+yVd) (e—yVd), x—yVd>], 
and therefore 
0<7n<]1; 


consequently, for x<0 and y>0, we have 
—l<n<0. 


THEOREM 108: If +o, Yo is that solution of (32) for which yo has the 
smallest positive value and x» is positive, then the general solution is given 
by the formulas 


x 


(36) + (H+ Vd)=ae+y)d, n=0. 


(In any case, +(a%+y))d)" is of the form a+yVd, where x and y are 
integers. This is obvious for n=0, and for n<0 it is also obvious, since 


(+4 )d)7= %y— Yo) a.) 
Proof: 1) The fact that (36) always yields a solution follows, for n>0, 
from Theorem 106 and, for »<0, from the fact that 


E(%+Y% Vayr= E (%—Yo Va)! 


together with Theorem 106; for n=0 it is obvious (y= +1, y=0). 
2) Let us set a+y,/d=e. We must show that 


+ et=a+yVd 


yields all the solutions, that is, that —e", n= 0 yields all of the solutions 
in which y+-0. All of the solutions in which y+-0 arise from those in which 
x>0 and y>0, when we consider all expressions of the form + (a+y)d) 
and (c—yVd)=t (a+ yVd)-. Since e>1, we therefore have to show, 
by Theorem 107, that all of the solutions in which atyVd> 1 are given by 
the formulas 


et—a+yVd, n>0. 
In any case, it follows from the fact that a+yVd> 1 and the minimality 


in the definition of ¢, that there exists a number »>O for which 
er<atyfd<ert, 
Then we have 


1<(e+yVd)(ey"=(«4 yV d)(2)— Yo Vd)r<e. 
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From Theorem 106 it follows that in the equation 


(x+y ) (%—Yo ya) =a +y'd, 


x’, y’ isa solution. By the definition of ¢, we cannot have 


l<a'+y|d<e. 
Consequently 


ay \d= 1, 
x-- yVd= en, 


It is also necessary, for a later purpose, for me to treat the equation 
(37) v—dy*=4 , 


which is analogous to (32), where d=0 or 1 (mod 4) and is not a perfect 
square; to be sure, this is easily reducible to the earlier equation, the main 
difficulty having already been disposed of in Theorem 105. 

(What the state of affairs is as regards those remaining values of d that 
I do not consider is left as an Evrercise for the reader. ) 

The “trivial” solutions == 2, y=O0 always occur. If d<—4, there 
are obviously no further solutions ; if d——4, there are the additional solu- 
tions +—0, y= +1 ; if d= —3, there are, in addition to the two trivial solutions, 
the four solutions x=-F1, y=+1. Thus, from here on, I can again assume 
that d>0. 


THEOREM 109: Jf 44, y1 and %2, y2 are solutions of (37), and if we set 


x, +y,)d x+y,Vd_x+yVd 
2 9 2 


(x, y rational), 


then x and y are integral and constitute a solution of (37). 


£700) = 1) ae RELL ee 


%=2=dy"+4=dy,, £,=dy, (mod 2), 
Lyd yy Y=d yy Ayo +d yy Yo=d Yy Yo +d y, Yo= 2d y, y,=0 (mod 2), 
1 Yay + Ly Yi =AY, Y, +d yy =2dy, y,=0 (mod 2). 
2) a,—y, Vd y— Yo Vd _ a—y)d 
2 D) 9” 
x?—dy," TO ye x*—dy? 
4 4 de be? ES 
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THEOREM 110: If x,y is a solution of (37) for which y4-0 (such a 
solution exists, by Theorem 105; for from 4’*—dy’2=1 it follows that 
(2x’)*—d (2y’)?=4), and if we set 


ztyVd _ 
es 


then the four statements whose wording coincides with that of Theorem 107 
also hold. 


Proof: 1) li%>0 and y>0, then 


| 141 
: Nae ly 
so that if x<O and y<0, 


n<—l. 
2) If*x>0and y<0, then 


_xty\d aya 2—yd 
j=——  —, —_ 1, 
2 2 2 
0—7=—1; 


so that if <0 and y>0, 
—l<7<0. 


THEOREM 111: Let +, yo be that solution of (37) for which yo has the 
smallest possible positive value and for which x)>0. Let me set 


to tYo ya 
ae 


Then the general solution is given by the following formulas: 


(38) eat wa = 


, n=0, % and y rational, 


(+ and y are integral by Theorem 109 and in light of 


mw) ) 


f1== 


Proof: | 1) The fact that (38) always yields a solution follows from 
Theorem 109; for n=0 we obtain the two trivial solutions. 
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2) Because of Theorem 110, we need only show (see the proof of 
oe d 
Theorem 108) that for n>0, e” yields all the solutions for which a Ls th 
In any case, since atu loe , there is an n>0 such that 


éuse i ee 


Then we have 


1g tHE (ay etl (mld), 


so that, by the definition of ¢, we have 


9, pit | 
ztyVd_., 
5 i 


After the foregoing theory of Pell’s equation, the reader will be as sur- 
prised at the following fact as I was when, in 1909, I first learned it from a 
work of Thue: Every diophantine equation 


On, 0+ On x1 y+ --- +a, y* =a, 


where n=3, has only a finite number of solutions, provided the form on the 
left cannot be decomposed into homogeneous factors of lower, degree with 
integral coefficients. Thus the situation is quite different from what it is in 
the case of the hyperbola, even when the curve goes to infinity (otherwise 
it is trivial). I will wait until Part Nine (of my Vorlesungen iiber Zahlen- 
theorie) before carrying out the proof, since some properties of the so-called 
algebraic numbers are required for it. 


PART TWO 


BRUN’S THEOREM AND DIRICHLET’S THEOREM 


INTRODUCTION 


In Part Two, my aim is to prepare the reader for the forthcoming appli- 
cations of analysis to several important examples. Here, methods of real 
analysis will still suffice; even when, in Chapter III, complex numbers are 
employed (roots of unity), the variables still remain real; and the theorems 
used—on infinite series witlt complex terms (convergence, absolute converg- 
ence, and uniform convergence)—follow immediately from the correspond- 
ing theorems on real series. However, in Parts Five, Six, and Seven of 
Vorlesungen iiber Zahlentheorie (which is a continuation of the present 
work) I repeatedly make use of the elements of the theory of functions of a 
complex variable. 

Although the methods of this second part are elementary, I nevertheless 
discuss two theorems whose proofs, in spite of many simplifications obtained 
since their original discovery, are by no means short. Thus neither of these 
theorems, Brun’s (1919) in Chapter II or Dirichlet’s (1837) in Chapter ITI, 
is analytically deep, even though they both require extensive number-theoretic 
machinery. This is the reason why I introduce them at this stage. In order 
to orient the reader regarding the significance of Brun’s Theorem, I first 
present, in Chapter I, the proofs of several simple asymptotic properties of 
prime number distribution, which also appear later (in Part Seven of my 
Vorlesungen iiber Zahlentheorie) in considerably refined form, following 
the introduction of some complex function theory. Not everything presented 
in Chapter I is later applied in Chapter II (Chapter III is completely inde- 
pendent of Chapters I and II) ; but it is no extra trouble to prove the theorems 
stated there all at the same time. 
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CHAPTER I 


SOME ELEMENTARY INEQUALITIES 
OF PRIME-NUMBER THEORY 


Throughout this chapter and the next, the symbols @,,..-,@g, will be 
used to represent strictly positive constants the determination of whose values, 
or an estimate of whose values, will not matter (they will only appear in 
inequalities ). 


THEOREM 112: If 22, then 
é é 
“a foge <7) <rjog 


This means: The number 2(&) of primes up to & has the order of magni- 


tude ete as €-»co This modest step toward proving the Hadamard-de la 


log & 
Vallée Poussin Prime-Number Theorem (1896), 
lim Be) 1 
—=co é 
log & 


was first made by Chebyshev (in 1852). 


Proof: For every 7 = 0 , we have 
(39) [n}-2 [4] <1; 
for 


in-2[4]<r2(—1) = 


and the left-hand side is an integer. 
Let n=2. For every pS2n, let r denote the largest natural number for 


which p'<2n (in other words, r= ="). First I will show that 
! 
(40) we Le 
n<psin | 11+! psan 
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(The expression in the middle is an integer, being the binomial coeffi- 
5 an - 4 
cient ( ss ). The right-hand side obviously represents the smallest common 


multiple of all the natural numbers <2n.) 
The first half of (40) follows from the fact that every p for which 
n<pS2n divides (2n)!, but not n!n!. The second half of (40) is proved 
(2n)! 
n\n! 
each p=2n exactly 


as follows. 


contains only prime factors which are S2n, and contains 


E (alae) 
ee pm po 
times, by Theorem 27; therefore, by (39), it contains each such p at most 


» |l=r 
m=1 
times. 

From (40) (where the left-hand side has 1(2n)—a(n) factors which 
are all >n, and the right-hand side a(2n) factors which are all =2n), it 


follows further that 


nr an)—x (n) < JT ee eT pr<(2n)*?, 
n<ps2n a n\ n!  pS2n ee 

2n) rere (anvlor (27) 

(x (2n)—(n)) log n < 08 FT nl = n) log (2n). 


Now, on the one hand, we have 
(2n)! n me (2n)\ _ 2n__92n 
sini= (0 )®2, i fen a 


and, on the other hand, 


(2n)!__ (w+ ]).-- 2n_ n+a 
n! n!\ 1---” a=1 a a= 


consequently, on the one hand, we have 


(= (2n) — 2 (n)) log n <log (2°*)=2n log 2, 


(41) n(n) —m(n)<03 i> 


and, on the other hand, 
zc (2n) log (2n) = log (2")=n log 2, 


n 
(42) n(2n) >a or 
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ls] 


x@2n(2[3])>« log [f] EE 


If &=4, then by (42) we have 


and for =2 (since 1(&)=1 whenever 2=&<4) we therefore have 


gE 
 (é)>a, og 


which proves the first part of our ee 


On the other hand, since y= qaeg (eb Eira alt |; it follows from 
(41) that 
o-a(S)-xor~(()=e4))-a(E8) 
3 
2+ Gg ie [2] Seen 


for 7=4 ; consequently, for 7=2, we have 


Be i) lee 
gt (7) n(2 Counyig® 


If we use the trivial inequality we{ ) eae (up to 1) there are no more 


2 


prime numbers than there are natural numbers), we see that, for 7=2, 
log n x(n)—log a Dale) ) =logn( mt (n)—st (2))+ 10g 2-7 ( a 


<log7-a +5 = 


wige? gH 


Consequently, if m=O and ame, then 


Be Uae E £ é 
log x 7 (3) —lo8 want * (ger) <¢s on 


for €=2. This is then summed over all the m-.under consideration ; since, 
for the largest of these m (call it v), we have 


‘ ens . 
WHS, <2, 2 (52 5)=0, 
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it follows that 


é 1 et 
logéa(8)=2 (log 5, (5, )—log ssn ( 522) <a, 82 5.<a,82 a =a, 
m=0 


eee 
log &’ 


which proves the second part of our theorem. 


u(E)<a, 


THEOREM 113: If p, represents the r-th prime, then for r>1 we have 


a, rlogr<p,<a,,)r log r. 


Proof: 1) By the second half of Theorem 112, upon replacing & by p,, 


we have 


Pr 
* log py, 
pr>a, 1 log pr. 


r=1(Pr)<a 


Now certainly p,>r (for successive primes differ by at least 1 and p;=2>1) ; 
consequently, for r>0, we have 


Dr>ay flog r. 


2) By the first half of Theorem 112 we have 


Pr 


“10g p, < 1 (Py)=T 


(43) 


Hence, for r>a11, we have 
LOB Deke ieee Cae Ee 
) Pr Pr 


? 


Pr<r, 
log p< 2 log 7; 


and hence, for r>ay1, it follows from (43) that 


(44) Oy pr<r log p< 2r log r. 
It follows from (44), for r>1, that 


Pre O10 Ts log Lr: 
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THEOREM 114: The series 


e207 
mye 


summed over all the primes in ascending order, diverges. 
Two Proofs: 1) (Based on Theorem 113.) From the second half of 
Theorem 113 it follows, for r>1, that 
- 1 
_—— a | 
Pr mal, log Vf 


Since the series 
il 


r=2 rlogr 


diverges, it follows that 2’ = also diverges. 


p 
2) (Direct.) From Theorem 22 it follows, for 22, that 


ee (+5 a3 ate ad int)= 3’2 


psé es 7 pst ‘p46: 
p 


where the symbol 2” signifies that the sum is taken over all those numbers a 
that are not divisible by any p>&. These a include all of the natural numbers 
<&. Consequently we have 


(45) Tig ee 
psé pe cpr a=1a& 
p oe 
Because of the divergence of of the harmonic series 2 — , it follows that as 
E>, ae 


fie 
psé jee 
Pp 
1 
— 2d’ log (12=) =. 
pst Pp 
For 0<y<4 we now have 
—log (1—n)— ne le 2. 8 and! : 
OF AI) aa ee erie ae 24; 
and hence 
1 
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THEOREM 115: For &=3 we have 


1 
(46) + —=<2@,, log log &, 
2<psEPp 
47 ira el a O14 
ey a<psét p/ ~log?é" 


To clarify: (46) implies that there are few, and (47) that there are 
many, primes. Accordingly, (46) can be shown to result from the first half 
of Theorem 113. On the other hand, (47) can be proved at once directly ; 
the second half of Theorem 113 would not give a close enough estimate. 

One should note that leg log ELlog log 3>0. 

Proof: 1) For r>1 it follows, by Theorem 113, that 

1 O45 


Dr log r’ 


so that, for €=3, 
(] 


1 w{E) 9} lela yal (oot 1 dn Edna 
a<pséP ¢ ae etloperaail oorilerin aad sad Flog 2" 4 n log 


<0, (log log +4.) <Q, log log é. 
2) For 33, it follows from (45) that 


z 1 y (1 iy 
Ded mted= g0-Y-(g 0-9 
vetted ele 2<p<é p” oo Tr ( 


[E] 1\—2 cay joy 1 
(25) < (fy “<( along? 2a 


IIA 


CHAPTER II 
BRUN’S THEOREM ON PRIME PAIRS 


This chapter is somewhat difficult; the reader may skip it entirely. 
Brun’s Theorem will be applied neither in the remainder of this book nor in 
my Vorlesungen iiber Zahlentheorie. 

There is only one pair of prime numbers that differ by 1—namely, the 
primes 2 and 3—since all of the succeeding primes are odd. 

No matter how far out we go in a table of primes, we find pairs of 
primes that differ by 2, for example, 


2.0200; TemlilsL oon hig lO cee cd sheet ee LU LO eee 


(Incidentally, each of these pairs, aside from the second, begins with a number 
greater than the second number of the preceding pair; this is because one of 
the numbers n, n+2, and n+4 is always divisible by 3, so that if these are 
all to be primes, we must have n=3.) 

The question now arises whether there are infinitely many “‘prime pairs,” 
that is, whether there are infinitely many numbers n for which m and n+2 
are prime. The methods of number theory and of analysis have, to this day, 
not proven powerful enough to answer this question. (One would certainly 
place one’s bet on a yes answer.) 

All the more remarkable is the following theorem of Brun (Theorem 120) 
which is proved by elementary methods (the so-called method of the Sieve 
of Eratosthenes): Jf there are infinitely many prime pairs, then the series 


VL ae Le Lee ae ee ee ee 
35a 7 ti is iy tig tag! ait 
which is summed over all of these primes, converges. (In order to under- 


stand the significance of this theorem, compare it with Theorem 114.) 
In any case, it follows that there are not “too many” prime pairs. 


I begin with three simple lemmas (Theorems 116-118). The entire 
difficulty, then, lies in Theorem 119; Theorem 120 follows easily from it. 


Tueorem 116: If b>0 and if m>0 is odd, then 


Zeu)=o 
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Two Proofs: 1) It is easily seen by induction, for b>0 and n=O, that 
(48) Pe (= CK y(?7,'). 
nee l n 


For if n=0, it is true (1=1) ; and in the induction from n to n+1 the right- 
hand side increases by 


(14 ? b— = Bias eS "\ =( 1) cc — re ue — ) 
a(S Dasle i 


(At the bottom of this, of course, lie the series expansions 


E(—yr( = EZ) e=0-9 = 


n=0 


ae ZS zy; 1) f= 2 ee. E(—1y(7) 


a=0 


which hold for ||<1, from a comparison of whose coefficients (48) follows.) 
If n=m—1 is even, then our assertion follows from (48). 


2) The binomial coefficients @ 0</<b, increase until midway 


(where, if b is odd, namely for J= peat and jot two equal ones occur) 


2 
and then they decrease; also, they occur with alternating signs. 


b 
For m— lsy it follows that the sum in the statement of the theorem 


is >0, since the last term is >0. 
For m—12b it is (1—1)®=0. 


For g<m—1<b it is 


m—1 b b aya 
= (-(7)=— 2 (7) = 2 ye(7), 


where the first term on the right is >0O and the terms are alternate in sign 
and decrease in absolute value; thus here, too, the sum is >0. 
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TueoreM 117: If S, is the n-th elementary symmetric function of s 
positive numbers &1, &2,..., &; (Ans), then 


Proof: In the expansion of 
pha (eyae eae +£,)", 
Ss 
n 
the coefficient !. 


each of the ( ) products En Fn,+++ ny, Where 1<hy<hg<--+-<MnSs, has 


TuHeEoREM 118: Let d>O and €>0. Then the number of positive num- 


bers nSé which belong to any given residue class modd differs from — 


d 
by less than 1. 


Proof: Of each set of d consecutive numbers n, exactly one is to be 


5 Pot Po 
counted; up to & there are =| complete sets of residues and, if — is not 


integral, usually (but not eee a partial set. The desired prety is thus 
fe or (3 +1; the latter does not occur if a is integral; hence the num- 
ber is always > Fee and < a +1. 

THEOREM 119: Let P(&) denote the number of primes pSé for which 
p+2 is prime. Then, for 23, we have 


é 
P(E)<a,, og2E (log log )?. 


Remark: A glance at the following proof of Theorem 120 shows that for 
any (arbitrarily small) positive 6<1, the inequality 


5 
(49) PE)<%, logtrde 
(which is weaker if € is large) would suffice. On the other hand, a proof of 
P(e) <a, 
IS log é 


(6=0 in (49) ) would be of no use, for the cofvergence of the Brun series 
could not follow from this, since the same inequality holds for a(&), by 


Theorem 112, and yet sue diverges. 
pp 
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Proof: Let €>5 and let 7 be chosen anywhere in the interval 5Sn<é, 
Later on, I shall choose y as a particular function of &; the proof will be 
clearer, however, if this is not done immediately. 

The number of positive numbers nSé having a particular property is at 
most 7 plus the number of m in the interval 7<nSé& having that property 


(since I have counted all of the numbers 1, 2,..., [4] and thus have not lost 
any there). It follows that for our P(&) the relation 
(50) P(6)=n+Q€) 


holds, where Q(&) is the number of n in the interval 7<nS& for which n 
and n+2 are prime. cs 

Let p, be the h-th prime and let a(7)=r; then po, ps,..., Pp, are the 
odd primes Sy, and we have r(§)=3, since 7=5. (I write r(&) without 
further ado, since I think of 9 as a function of €.) By A(&), I shall mean 
the number of numbers for which 


0<n<é, n==0,and n==—2 (mod p,) for h=2,..., 7 
holds. We obviously have 
(51) O)<A(é); 
for every counted in Q(&) is >y, and hence >, for h—=2,...,7, so that 


neither the prime 7 nor the prime +2 is divisible by pp. 
From (50) and (51) it follows that 


(52) P(é)sn+A(é). 


Let 2(d) be the number of distinct prime factors of d>0. For every 
odd, square-free number d>0, I shall denote by B(d,é) the number of 
positive numbers nSé which for every p/d (if any) satisfy one of the 
conditions 
(53) n=0 or n=—2 (mod p). 


(Then, in particular, we have 


B(1, 2)=[4], 
since no n in the interval O0<uSé is excluded.) By Theorem 118, we have 
g 
(54) B(d, 8) 20 5 |< 2% 


for n ranges over the interval 0<nS& and, by Theorem 70, belongs to VelO. 

residue classes mod d (namely, two residue classes modulo each of the 2(d) 

prime factors of d=ITp ; p=2 does not occur, since d is odd, so that (53) 
pid 


does actually represent two distinct residue classes). 
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As regards the requisite determination of an upper bound for A(&), 
I shall first show how it can not be done; after this, however, by taking a 
somewhat different path, we shall finally reach our goal. Meanwhile, this 
blind alley will be instructive to the reader who wishes not only to learn what 
is already known, but also how to undertake exploration on his own. 

Using the abbreviation 

. Po°** pPr=k, 

I shall first prove the identity 


AG Feet OEIC SAG £) —B(p,, £) —---— B(py, §) 
+B(p, ps, £)+ >: +(—1) 1 Bp, ++: Br §); 


then I shall show that it does not suffice, and I shall finally replace it by a 
useful inequality. 


0) { 


(55) is proved as follows: Every m in the interval O0<nS& which is 
counted in 4(&) is also counted in B(1,&) on the right, but not in any 
B(d, €) for which d>1, since for no p, (h=2,...,17) do we have n=0 or 
—2 (mod p,). Every n in the interval 0<nS& which is not counted in 4(&) 
is =0 or —2 for b distinct primes p, (h=2,...,7r), where 1Sb=r—1; 
Say 1Ole py oes, Pr, (2SIi<he< ...<hySSr). Then this n is counted on the 
right-hand side of (55) in all of the terms B(d, €) for which d/pp, Pa, *** Pry 3 
altogether, therefore, 


times, by Theorem 35. 
Thus (55) is proved; it does not, however, lead us to our goal. We 
may, of course, conclude from (55) and (54) that 


é son one IT 1—=) +E2(75") 


(56) A(é)< Zp (d) 2% = 
alk ad ak Q<psn 
(since for every h for which OShSr—1 there are exactly Ch 2) divisors 
of k=p2...p, for which Q(d)=h). However, because of the fact that 
ee ie 
we obtain not even an estimate of the form 
A(E)<a, oa 
logé 
for the right-hand side of (56), no matter what our choice of n(é) 
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(and even such an estimate would be useless; see the Remark above). For 
» must be so large that 


ul 
5 a(t) seri) 
(57) ee ee <9) — | logé 


holds and, at the same time, so small that 
2° < 204. — ¢ =<otene 
log é 


holds. This can never happen, however, for the following reasons. By 
Theorem 113 we would have - 


log (96) \? 


(58) Pr<a,,rlogr<ayrP<a,, log 2 ) <9 log?é; 


by (57) we would have (sit venia verbo e; other than this, my lower case 
italic letters actually do represent integers) 
2 
a log ( == = 
e°SPSPr P 
4 


af 2 2 
logé ies ee Pp 5 <p=p, 


Ei yic pa tes oe 
> cgge 5Spsp, P =O, € DSP doe 
x a log (a4, log 5) > cg, log logs, 
2<p<p,P 


and therefore, by (46) and (58), 
a, log log é<a,, log log pp<ayg log log (a. log?£)< a, log log log § + a7; 
for €>a2, we would therefore have 

log log<a,, log log log &, 


which is certainly false for large &. 


And now let us leave this blind alley! 
Brun’s essential idea lies in replacing equation (55) by the inequality 


(59) A@)s x #@BG4), 
2Qa<m 


where m is an arbitrary odd positive integer (which will ultimately be taken 
as a function of €). (59) is seen as follows: Every in the interval O0<uS& 
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which is counted in A(&) is counted on the right-hand side exactly once 
(namely for d=1), as was already remarked above; every m in the interval 
O0<n<€& which is not counted in A(&) is counted on the right-hand side 
precisely in those terms B(d, &) (where d/k) for which (in our old notation) 
d/D, ++ Pp, and for which, moreover, {2 Q(d)<m. The complete count 
on the right for these » is therefore, by Theorem 116, 
m—1 
Zn ="E(—1)(7)=0 
ee att i=0 
Qd< 
Thus (59) is proved. 
Now it follows further, from (59) and (54), that 


h=0 


d 92a m—1 fash 
(60) ViGha oO ara r ll 
ak d 
2Q@ <m 
In this formula, on the one hand, we have 


rosie, ; ") <n aCe. ) om " (r—1)++-(r—h) 


h=0 h=0 tae h! 


a 
(61) <2" Sr = one <2Qmym<(2n)m 
i= 


0 


(since r—122 and r=a(7)Sy), and on the other hand, we have 


y Ha 2* yh (d2°@ > x p(d22@ 


ajk d ake | CO n=m jk 
QR@<m Qd=n 


(for m=r the last sum is empty and denotes 0), and 


2 r—1 
(62) = a (1-=)— = eu a= TI — — 5 (—128, 
2<pSp, Oe 2<p<n Pp n=m 


where S;, is the n-th elementary symmetric function of es Pe ge 2 
Pe Pr 
B Tare hs 
y Theorem 117 and (46), we have (since ep hl = 
h=0 lb. 


Sn eh Uy (ee ao 
mo nm” 


6 a43 log a z (Sao 8087 log Eset 


|S (— D828, |= E (Ae 
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where, for a later purpose, I shall take ago>2. Consequently, if 


m > 2dgq log log n 
then 
r—1 co ] » 
(63) | & (—1)"2"8, |< 2 on" 
From (62), (47), and (63), it follows that 
d)2"@ or 2 
(64) i iG) ames Wexe we 
— 7 < Jog? | om 
2 (a)<m 


and from (52), (60), (64), and (61), it follows that 


O14 E 
log? 


(65) P(E) <n +oe 4 5% 4 (On) 


In these formulas, we let 7(&) and m(&) be subject to the conditions 


(66) 5<n<&, m>2ag9 log logy, m odd. 


For §>a;,, these conditions are satisfied, provided I choose 
a 
n= phan 108 229 5 m= 2[ 55 log log &|— if) 4 


This is non-trivial only for the condition m> 2a; log log 7, but this condition 
is a consequence of the fact that, for €>as32, we have 


logé 
2a, log log y= 2 Aq 108 35 jog ont < 2 log log E—3<m. 


For this choice of 4 and m, I obtain, using (65), 


é 3 &,) log lo 
PO) <te( 4+ Goce + gractoareg + C1)" sologl «é) 


for €>as;. Each of the four terms in the parentheses is 
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g 
<%sijpste (log log 5)*; 


for we have 


1 
<5 2, 
$ SS é (3a,, log log &)? (that is the worst term), 
log?» log®é 30 
Sete ee : x 3 ( since 0,>2, 2log2>1) 
92azloglogE — log 24s0log 2£ log?é 30 ’ ’ 
es sly Os,logl 216 
310g lo 2 dgplog log &{ ——_——__. ++ log 2 og E+ %,loglog é 7 oes 
(ony g ep og (soe? Le eat 


8 


See 
Hence, for €>as1, we have 
P(@)<cye eae (log logs 
therefore, for 63, we have 
P@)<oysosg (log log €)?. 


THEOREM 120: If there are infinitely many primes p for which p+2 
is prime, then the series 


summed over all of those p, converges. 


Remark: This agrees, of course, with the wording used in the begin- 
ning of this chapter, even though only the first prime of each pair is used 


in the sum; for we have “>i toys 


Proof: I shall use Theorem 119 only in the weaker form 


P(n)<a, for n=3, 


logn 
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From this it follows that if p; is the r-th prime for which ~;+-2 is also prime 
(if there are infinitely many such primes /} at all), then for all r=1 we have 


a 
<8 __, 
Pr log 2(r+1) 


and from the convergence of 
sce) 1 
a 


*rlog# (r+) 
it follows that 


converges. 


CHAPTER III 


DIRICHLET’S THEOREM ON THE PRIME NUMBERS IN AN 
ARITHMETIC PROGRESSION 


§1 
Further Theorems on Congruences 
DEFINITION 21: Let m>Oand (a,m)=1. We say that a “belongs to the 


exponent f mod m” if af is the first of all the powers a’, a?,... of a with posi- 
tive integral exponents for which 


af=1 (mod m). 
(f exists, since by Fermat’s Theorem we have a?™=1.) 


THEOREM 121: I[f a belongs to the exponent f, then, if b,=0 and be=0, 
we have 
a’isa’e (mod m) 
if and only if 
b=), (mod f)- 


(Here a® denotes 1 even for a—0, which occurs only in the trivial case m=1.) 
In particular, therefore: 1) @°, a1, ..., a—1 are incongruent (mod m). 
2) If b=, then 
a’=1 (mod m) 


1/6. 


3) By Fermat’s Theorem it follows that we always have 
flp(m). 


Proof: Without loss of generality, let b2=b,=0. 
1) From 


if and only if 


a’z=ahr (mod m) 
it follows that 
a’e—bi=] (mod m). 


Division of b2—b, by f yields 
b,—by=qf+r, q=0, Osr<f. 
104 
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Then we have 
1=a?r—i1 =u += (a/) ‘a’=a' (mod m), 


so that, by the definition of f, we have 


2) From 


it follows (since g=0) that 
a= to =@>(al)’=a" (mod m). 
THEOREM 122. Let q be a prime, let 1>0, and let q'[p—1. Then there 
exists a number a which belongs to q' (mod pf). 
Proof: By Theorem 72, the congruence 


p— 1 
a * =l1 (mod p) 


<a wt 
has at most = ae <p—2 


solutions (since p=3). Hence there is 
at least one number c for which 1=c=p—1 such that 


p—1 


c * ==1 (mod p). 


If we set 


then we have 

a?=c?—1=1 (mod p). 
Let a belong to f. Then f/q!, by Theorem 121. If we did not have f=q’, 
then it would follow that f/q'—*, so that 


p——1 


=c * =1 (mod 7). 


an 


TuHeEorEM 123: There exists anumber g which belongs to p—1 (mod p). 


Proof: 1) If p=2, then g=1 satisfies the condition of the theorem. 
2) If p>2, let the canonical decomposition of p—1 be 


p—1=IT p,!n : 
n=1 


If r=1, then Theorem 122 gives us what we want. Ifr>1, then by Theorem 
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122 we may choose a number a, belonging to p,'n for each n=1,...,7. If 
we then set : 
g=I1 ag, 
n=1 


then g belongs to f. By Theorem 121, we have f/jp—l. If we did not have 
p—l1 
Pp, ’ 


f=p—1 then, without loss of generality, we would have f / so that 


: —1 
(since pain |? fot N=Z, eee) 
Py 
jae pol ¢ Spt oe 
l=g"™ =a," Ta,” =a," , 


n=2 


and consequently, by Theorem 121, 
p—1 
a 
which is not the case. 


DEFINITION 22: Every g belonging to p—1 (mod p) 1s called a primitive 
root modulo p. 

The powers of a primitive root (with exponent 20) consequently repre- 
sent all of the reduced residue classes. 


THEOREM 124: If p>2 and /1>0, then there exists a number g belonging 
to p(p') (mod p'). 
From Theorem 121 it therefore follows that for p+a 


=g’ (mod p’), b=0 
is always solvable for b and, indeed, is satisfied by all of the numbers bD=0 
in a particular residue class mod p('). 


Proof: For l=1 this is proved by Theorem 123. Therefore, let J>1. 
Let g be a primitive root mod p. I may certainly think of g as being so chosen 
that 


(67) g?—1==1 (mod p?). 
For whenever g is a primitive root mod f, so also is g++), and if 


g?_1=1 (mod p*), 
then 


(g+p)? *=9? *+(p—l) g?-* p=1+(p—1) g?—2p (mod p?), 


so that certainly 


(9+ p)?—1==1 (mod p?). 
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I shall now prove that the g determined by (67) (which is, incidentally, 
a primitive root mod /) satisfies the condition of the theorem. 

To this end, I shall first prove, by mathematical induction, that for all 
l>1 we have 


(68) gh? D=1+h pt, pth. 


For /=2 this is assured by the Fermat Theorem, together with (67). If 
(68) holds for /, then it follows for /+1 thus: 


g?e-)—(l+h p= 1+h; po +h? p = 1 p? C)4 ps @—1), 


In this formula, both the third term and the fourth term on the right-hand 
side are divisible by pit!, since 2-—1Z/+1 and 3/—32/-+1, respectively. 
The right-hand side therefore =1+/j4, p', where p}hi4i. 

Let g belong to f (mod p'). By Theorem 121, we have f/p'—!(p—1); 
since g belongs to p—1 modulo #, it follows that p—1/f by Theorem 121, 
so that f=p"(p—1), O=mS/—1. If it were not true (as asserted) that 
f=p— (p—1), then we would have f/p'—?(p—1), so that 

g?’ *»—-)=1 (mod p’), 
contrary to (68). 
THEOREM 125: If l>2, then 5 belongs to 2'-2 (mod 2’), 


(The reader may consider it an Exercise to prove that there is no 
number belonging to g(2‘)—2'-1. Theorems 125 and 126 compensate 
for this. ) 


Proof: I shall first prove by induction that for />2 
(69) 5? 14h, 2-1, 2+h. 


For /=3 this is true (5'=1+1-4). From the truth of (69) for an /23, 
follows its truth for /+1, because 


(70) 5? = (14h, 24-1214 hy DAP AH 14 yg W, AF Inge 


From (69) and (70) it follows that 
5* 9-1 (mod 2), 5% *=1 (mod 24. 


Let 5 belong to f; then we have {+ 2'-8 and f/2'-%, so that f=2!~?. 
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TuHeorEM 126: For l>2, every odd number a satisfies the relation 


a—l 


a=(—1)? 5? (mod 2"), b=0 


for precisely those numbers b=0 belonging to a particular residue class 
mod2 =". 

Proof: 1) Let a=1 (mod4). For 0Sb<2!-?, 5° represents exactly 
2'—2 numbers incongruent mod 2!, by Theorem 125. All of these are =1 
(mod 4) ; however, every reduced set of residues mod 2! contains exactly 
2'—? numbers that are =1 (mod 4) ; hence it follows that 


a=5° (mod 2’), b=0 
is solvable for b (pigeon-hole principle!). Since, if b=0, 5° is periodic with 
period 2'~? mod 2’, it follows that the assertions of our theorem are proved. 
2) Let a=3 (mod 4). Then we apply 1) to the number —a. 


§2 


Characters 


t will now represent the familiar complex number, but all other lower 
case italic letters except e will still, as before, represent integers. 


Let k>O be fixed. Let us set p(k)=h. 


DEFINITION 23: A number-theoretic function x(a) is called a character 
mod k, provided that fs 


I) x(a)=0 for (a,k)>1, 

II) x(1)=-0, 

III) x(a:a2)=yx(a1)x(a2) for (a1,k)=1 and (a2,k)=1 (and there- 
fore, by I), always), 

IV) x(a1)=x(a2) for a4=a2 (mod k) and (a,,k)=1 (and therefore, 
by I), whenever a;=d2 (mod k)). 

Examples: 1) k=4, x(a)=0, 1, 0, and —1 for a=0, 1, 2, and 3 

(mod 4), respectively. 
2) (For the reader who has read the end of Part One, Chapter VI.) 


From Theorem 99, 1) to 4), it follows that the Kronecker symbol ies) 
a 
is a character mod k; here we must have +k=0 or 1 (mod 4), and +k must 


be non-square. 


THEOREM 127: For every character we have 
7(1)=1. 
Proof: By III), we have 
x)= 4(1- =x): x), 

so that by II) we have 

THEOREM 128: If (a,k)=1, then (y(a))"=1; thus y(a) ts an h-th 
root of unity and |y(a)|=1. 

Proof: From Fermat’s Theorem it follows that 


a'=1 (mod ); 


by III), IV), and Theorem 127, we therefore have 
(x(a))'=10")=740)=1 
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TuroreM 129: For every k there is a finite number of characters and, 
moreover, at least one. 

(I shall of course call two number-theoretic functions distinct if they 
do not coincide for all a.) 

Proof: 1) For any a in the interval 1SaSk, it follows from I) and 
Theorem 128 that y(a) must be chosen from a finite collection of possible 
values (0 or an h-th root of unity) ; from IV) it follows further that the 
value of y(a) for lSask determines its value for all a. Hence there cannot 


be an infinite number of characters mod k. 
2) The function 


0 for (a, H>1, 
x(a)=| hice ie Bot 


is clearly a character, since I) to IV) are satisfied. 


DEFINITION 24: The character defined in part 2) of the preceding 
proof 1s called the principal character and 1s denoted by x(a). 


THEOREM 130: If x(a) ts a character, then so 1s tts complex conjugate 
function x(a). 

(If x(a) is everywhere real, then of course it does not differ from ¥(a).) 

Proof: Conditions 1) to IV) are obviously satisfied. 


THEOREM 131: If aruns over a positive complete set of residues mod k, 
then 


_Jjh for x 
EHO =n eae 


Proof: From IV it follows that the value of the sum is, at any rate, 
independent of the choice of the set of residues. 

1) For the character y=, the sum has h terms =1 and kR—A terms —0. 

2) Otherwise, let us choose (as we may) a number b>0 for which 


(b, k)=1, x(b)+1. 


Since, by Theorem 62, ba runs over a complete set of residues mod k as a does, 
it follows that 


E=Z x(a) =2 xba)=2 70) Xa) = 10) Ex@)= 0), 


(x(6)—1l) E=0, 
&—0. 


[ Der. 24] THEOREMS 129-134 Lil 


THEOREM 132: If y1(a@) and y2(a) are characters, then y,(a)¥2(a) 
1s also a character. 


In particular: If x(a) is a character, then y?(a) is also a character. 
Proof: 1) to IV) are obviously satisfied. 
THEOREM 133: If x1(a@) is a character, then as x(a) runs over all c 
characters, so does x(a) ¥1(a). 
Proof: If 
X2(@) X1(4) = X3(@) 41), 
then it follows for (a, k)—=1, since y,;(a)=+0, that 


fa 


X2(@) = %5(4), 


and, by I), this is satisfied for (a, k)>1 as well. The c functions x(a) y:(a) 
are therefore c distinct characters, and consequently (pigeon-hole principle!) 
they are the c characters. 


THEOREM 134: Jf d>0, (d,k)=1, and d==1 (modk), then there 
exists a character for which y(d)=-1. 

Proof: Since ¥(a)=0 must always hold for (a, k)>1, it follows that 
we need define the character y(a) suitably and verify II), III), and IV) 
only for (a, k)=1. 

Since d==1 (mod k), it follows that there either is a number p'/k, where 
p>2 and />0, for which 

d==1 (mod p’) 


or else a number 2!/k, where />0, for which 
d==1 (mod 2’). 


1) Let d==1 (mod p'), p>2, I>0, and p'/k; therefore p}d, since 
(d,k)=1. Let g have the property of Theorem 124. For (a,k)=1 we 
have pta, and therefore 


a=g’ (mod p’), b=0. 
Let me set 


277% 


U 
e=eF”), ¥(a)=0". 


Then x(a) is completely determined by a (once the above choice is made of 
a fixed number g), since 9’ has period (p') and b is uniquely determined 


mod (f’). 
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x(a) isacharacter. For 


TT) x(1)=e°= 
III) for (a;,)=1, (d2,k)=1, a,=g9", a,=g* (mod p') we have 


a, a,=g9"'ts (mod p’), 
4 (Ay dy) = 0" += 0 O's = ¥ (A) X(A,q); 


IV) is obvious; for a;==a2 (mod k) yields a;=a2 (mod $’). 
Finally, it follows from d==1 (mod p') and p+d, that 


d=g’ (mod P’) P(p) +7, 
4(@)=0' =1. 


2) Let d3=1 (mod 2'), />0, and 2!/k, and therefore />1 (since k is even, 
so that d=1 (mod 2) ). 
21) Let d=1 (mod 4), so that J>2. Then for (a,k)=1, we have by 
Theorem 126, because (a, 2) =1, that 
ae 
a=(— 1) ? 5° (mod 24, b=0. 
Let me set 
24 
o=e? —", x(a)=0". 
Then x(a) is well-defined, since @’ has the period 2'—? and b is determined 
mod 2!—?, 
x(a) isacharacter. For 
IT) x(1)=e°=1; ae 283 
III) for (a:,2)=1, (a2,2)=1, @,=(—1) ? 5%, ag= (—1) = 2 5a 
(mod 2’) we have, by (30), 


a—1, a,—l1 a, dg—1 


O,Ag==(—1) 2° 2 Bethe (—1) 2 5th: (mod 24), 
% (41 G2) = Qi t=" 0% — (ay) (a2) ; 
IV) is obvious ; for a;==a2 (mod k) yields a;=a, (mod 2). 
Finally, it follows from d==1 (mod 2!) and d=1 (mod 4), that 


d=5" (mod 2°), 2-2 +r, 
~(d)=e" +1. 
22) Let d=—1 (mod 4). Then, for (a,&)=1 (where, therefore, a is 
odd), I set 


+ 


x(a)=(—1) * . 


THEOREMS 135-137 eS 


x(a) isacharacter. For 
II) x(1)=1; 
III) For (a, k)=1 and te k)=1, we have 
UY Ay—1 Piet bs —1 
xz(4, %)=(—1) * =(—]) * (—)) 5 =%(41) X42); 
IV) is obvious, since 4/k. 
Finally, we have 
x(@)=—1-F1. 

THEOREM 135: For fixed a>0, 

x _j¢e for a=1 (mod 4), 

~ x(a) b for atal (inod bi, 

where the sum is taken over all of the c characters. 


Proof: 1) For a=1 (mod k), the sum (as follows from Theorem 127) 
has c terms each of which =1. 


2) For (a, k)>1 all of the terms vanish. 
3) For (a,)=1 and a==1, we may choose a character y; for which 
41(a)=-1, by Theorem 134. By Theorem 133, we have 


= ~4(a)=~ x(a) t()= 21) ~4@)= %1(4)7, 
(x%1(2)— 1)n=9, 


7=0. 
THEOREM 136: c=h. 
(That is, there are exactly p(k) characters mod k.) 


Proof: Ifa runs over a positive complete set of residues mod k, and x 
runs through all the characters then, by Theorems 135 and 131, we have 
22 4(a)=c+0+---+0=¢, 


pan Nl tos 
ot Sly ree ACs a oe -- +0=h. 


THEOREM 137: Let (l,k)=1,1>0, and a>0. Then 


h for a=l (mod &), 
v4 0 x(a) = tf Ae ay ae ey 


Remark: On the left-hand side, we can write 7(/) instead of 


a 
xD © 
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Proof: Let us choose j>0 in such a way that 
jl=1 (mod k), 


40) 40=20D0=1, 


Since 


it follows that 


Epil) = 2a) =Z x60), 


so that, by Theorems 135 and 136, 


1 _fh for ja=1, i.e. a=l (mod k) 
Poets otherwise. 
x 


DEFINITION 25: y(a) 1s called a character of the first kind if it 1s the 
principal character; of the second kind, if it is real but is not the principal 
character (so that its value is always 0, 1, or —1, and —1 actually occurs) ; 
and of the third kind, tf tt 1s not everywhere real. 


Examples: 1) The character given as the first example following 
Definition 23 is a character of the second kind. 

2) For k=5, y(a)=0, 1, 1, —i, —1 for a=0, 1, 2, 3, 4 (mod 5) isa 
character of the third kind. x 

3) By Theorem 99, 1) to 5), the Kronecker symbol (==) is a character 
of the second kind mod k. The fact that it is not the principal character, which 


follows from 5), is the most important thing as far as its later applications in 
Part Four are concerned. 


§3 


L-Series 


From now on, the letter s need no longer stand for an integer. 


THEOREM 138: For each of the h characters mod k, the series 


(71) - EXO_ 16,7) 


is absolutely convergent for s>1. 

(The easily answered question as to whether these / functions of s are, 
moreover, distinct, is unimportant; as an Exercise, the reader may think 
it over.) 


Proof: By Definition 23, 1), and Theorem 128, we have 


Dey? 
%(@)| _ 
a’ ey 


from which the theorem follows because of the convergence of 2 Spa 
qa? 


THEOREM 139: If x 1s not the principal character, then we have 


vo 


h 
es. 
2 


forveu=l. 


Proof: By Theorem 131, 2y(a) vanishes taken over a positive com- 
plete set of residues. Hence we may assume the number of terms of our 
sum, namely v—u+1, to be Sk—1. Ina complete set of residues, exactly 
h values of |x(a)| are 1, and the rest =0. If, in our “partial” set of residues, 


there occur at most 2 terms for which |y(a)|=1, then 


2x0 


s h 
== |X@lS93 


if there occur more than i such terms, then 


+k— 


ee 


=o 


utk—1 
2 x(@)|s 
a=v+1 


u+ k— u+k—1 
Ss x@ —S x@|= 
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TuHeoreM 140: Let v=u, let ya be an arbitrary complex number for 
each a satisfying uSaSv, and let 


Xx ¥a=R(w) for u<ws, 


Max |R(w)|=», 


uswspv 


Euseaty sl’ * alee. 


Then we have 


Proof: Let R(u—1) denote0. Then we have 
vo J o—1 
XY &qgya= = &4(R(a)—R(a—1))= XY R(a) (Ea—Eat+s) + Rv) €o, 


© 
= €aVa 


a=u 


<y ("E (e.—ee41) a es) =2.. 


THEOREM 141: If xy is not the principal character, then the series (71) 
converges uniformly for s=1. 


Proof: For v2u=1, it follows from Theorem 139 and Theorem 140 


( with ee that 
a 


(72) ex@))_ hl 
so that, given 6>0, a=u a | <5 w= Qu’ 
pp) <6 for v>u=u,(9), 


where u, does not depend on s. 
THEOREM 142: 1) The series 


(73) > x(a) log a 
a=1 as 
converges absolutely for s>1 and it converges uniformly for s>l+e if we 
fix an arbitrary e>0, 
2) Tf s>1, then 
Ng yy 3 4a) log a 
aan Se 
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Proof: 1) For s>1+e, we have 


| x(a) log a eae 


= qite’ 
and 
eS log a 
aaa qite 
converges. 


2) This follows from (71) and 1). 


THEOREM 143: If x is not the principal character, then the series (73) 


converges uniformly for s=1, and for these values of s its sum is <h in 
absolute value. 


Proof: 1) Lets21. Since 


d log& 1—s log & 
deg FH” 


; 1 ; ; = 2 
it follows that gS is a decreasing function for >e* and, since 3>e=Le® , 


for £23; hence, by Theorems 139 and 140, we have, for v2uZ3, 


(74) 


y £(@) log ope ah log u_h log w 


alga mes us =9 U 


from which the uniform convergence follows. 
2) For s=1, it follows from (74), upon letting u=3 and v>o, that 


°° (a) oe bs log 2 hlog ie 1 
io ee aoa <3+zS 
THEOREM 144: The series 
$ 4(a)H(a) 


a=1 a’ 
converges absolutely for s>1. 
a)ue(a 1 
ee jz@nie)| 
TuHeEorEM 145: For s>1, we have 
24 (a)u(a) _ 4 
TG) ge rs gal 
so that 


L(s,x)=-0 
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Proof: From the absolute convergence of both series on the left-hand 
side of the next formula, together with Theorem 35, we have 


FAO) FS AMDeLA@)_ F y LO L@e@) _ E20 Eu(a)=1. 
bey OF = a’ Veh) tude jee 
THEOREM 146: For s>1, we have 
1 
ni 722 xP) _ 
p pr / L(s,x) 
(The product is indexed by increasing values of p.) 
Proof: For €>1, we have 
(12). pada) 
pst (ae ray 1g 
where a runs over those natural numbers that are not divisible by any p>&. 
Among these, there occur all of the numbers a. Hence we have 


_ xP) ys L@OH@, 5 X@H@ 
a1 p® = Pa a’ Sat gees as 


As > o, the first sum on the right approaches 


Sxz@e@)_ 1 
ca eG eee (sey) 
by Theorem 145 ; the second approaches 0, since it is 
1 
ice: a 
in absolute value. 


THEOREM 147: For s>1, we have 
Sx(@)A@)___ L(y) 
= Fy eae 
gar mat L(s, x) 
where A(a) is defined asin (5). The series on the left converges absolutely. 
Proof: 1) |x(a)A(a)|Slog a yields the absolute convergence of the 
series on the left for s>1. 
2) By (6), we have 
A (a)=log is 
afl 


so that for s>1 we have 


ae 1 Ae, a=1 pee en et Shan oh ms ac par 


by Theorem 142. =—L'(s, x), 
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THEOREM 148: As s—>1 (from the right), 


L'(8, Xo) 
— “> 0 
L(s, Xo) 
Proof: By Theorem 147, we have 
_ Len) _ 3 A@ _ZA@ 


2 1 2 A(a) lo 
= —_—_- = eNO ee ee 8 Po 
L (8, %) ie a a=1 Ook Ed cipal) aakias pik p>—1 
(a, k)=1 


As s—>1, the second term approaches a finite value. Thus we merely have 
to show that the first term approaches infinity. I should like to give two 
proofs. 


1) If Theorem 147 is applied to k=1, it follows that the first term 


co 


¥ log a 
nil ae 
co 
Set 


a=1@ 


a 


© 


In this formula, the-denominator approaches infinity, as s—1, since 


Come! hide il 
Pa — A 
mad ie Ge 


Let g be a given number >1. For s>1 we have 


Sloe a? log a Se i Se 
= nee bs heanen Sy oa 
Si eer IES le de a 
co log a cree 
ged ee 1 1—%= 
co ] > 108 9 pe Co cteh 
aie 8 
gaat 1 a=1 0 


és ; ; 
the right-hand side is >> 5 log g for ee This suffices. 


2) We use Theorem te Since oe — diverges, it follows a fortiori that 
p co 4 
a “EP diverges, and consequently so does 2 B59); 


Hence, for every 
P 


a=1 
w>0O there is a corresponding b(w) for which 


§ 4@ 
a 


a=1 
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For 1<s<1+¢e(q@) we therefore have 
Al 
pe 


a=1 a’ 


’ 


so that 
AO) 


are ats 


EO, 


THEOREM 149: For 0<n<1 and v=0, we have 
(1—n)3| 1—ne**|4|1—ge’**|?#<1. 


Proof: The geometric mean of three positive numbers is at most equal 
to their arithmetic mean; therefore, since 


3 1\2 3 
2 cosy-+cos2v—2 cos y+ 2 cos?» —1= — 5 + 2( cosy +5) 2—> 


we have 
[1—ne”*|*|1—ne?”* P= (1—2 n cosy ?)(1— 2 cosy+-2)(1—2 7 cos2v-+ 7?) 


a 3 
sr Oe a DRAB 20)-+9)<(L-+n-+9)<(— :) 


TuHeEorEM 150: Fors>1 we have 
(L(s, x0))?| L(s, x) | *|L(s, x2) |?= 1. 


(By Theorem 132, y? is a character. ) 
Proof: In Theorem 149, let me set 


eal 
4(p)=e"*, a 


for pt+k. This yields 
ie ao" 1 2?) 
p* p* 
this holds also if p/k (1=1). Multiplication with respect to p, by Theorem 
146, yields the result of the theorem. 


4 2 
=; 


1_ 20) 
p* 


THEOREM 151: For every character of the third kind we have 


L(1, x) =0. 


Proof: Since y? is not the principal charatter (for otherwise x would 
be real), it follows from (72) (with u=1 and v>o) that 


|L(s,x2)|<h 
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for s>1. On the other hand, for 1<s<2, we have 


co 
2 ga ea | ‘da 1 Ss 2 
L(3, %) = & —s J — 14 /%f=1 = 
(8; Xo) ant ona ‘ J as ner eag SP s—l 
a, k)=1 


Hence, by Theorem 150, we have 


1 1 G=lil) Gal) 
L(s,x)|= : aie 
Tend (Lemi|Leat ve 2h 


If we had 
~ LC, x%)=0, 


then it would follow by Theorem 143 (since L’(&,x) is continuous for 
E=1, by Theorem 143) that, for s>1, 


| L(s, x)| =| L(s, Y—LQ, x») |= 


i] L'(é, nas| <h(s—1). 


Hence, for 1<s<2, we would have 


CAN eae 
2he 
This, however, is false for s—=1+ ai : 
16h® 
THEOREM 152: For every character of the second kind we have 
L£(1,.7)==0. 


This is the deepest of all of the lemmas that are necessary for Dirichlet’s 
proof. Dirichlet proved it only by the considerably roundabout method of 
using the so-called theory of the class number of quadratic forms. Incidentally, 


Tt) 20 


is trivial, because of Theorem 146, since L(s, ¥)=0 for s>1 and since, by 
Theorem 141, the series is continuous for s=1. 


Proof: Let us consider the number-theoretic function 
f(a)=~7(d). 
dja 


Then, for 20, we have 
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1+0+---+0 zi ee Ait 

1+1+.---+1 =21_ for 7(p)=1, 
f(P)=1+ 4p) + + +40) = ae x 1y_J 9 for x(p)=—1, 2+] 

ST ea ee ay 


Hence we have 


0 always 


(75) o)=| 1 if 2/2. 


Let a; >0, a2>0, and (a;, a2) —=1. There is a one-to-one correspondence 
between all positive numbers d/a,a2, and all products of positive numbers 
d,/a, by positive numbers da/az. We therefore have 


(78) fgiaa)= 2 xO= 2 K(dids)= 2 xh): & 2Gs)=T (a1) f (2). 
dja, a, ae d,/a, [Os 
From (75) and (76) it follows that 


0 always, 
DSiita =) a0 periect (square: 


(77) ja) | 
Let us set 
m=—=(4h)§ 
and 
z= 22(m—n){(n)= % 2(m—ab) x (6) 
ae rebate 
for the sake of brevity. Then, by (77), we have 


Vm Vm Vm 
(78) z= 2 2(m—b2)= F2(m—b2= FE 2 (m— ) eS a 
b=1 ion ay 4 4 4 


On the other hand (and the reader should draw the curvilinear triangle 
in the ab-plane bounded by the positive branch of the hyperbola ab=m and 


by the lines a=1 and b=1, and in addition the auxiliary lines p= m?), it 


follows from ab=m, a>0, and b>0 that either a<\m, b>mt or bam. 
Thus we have 


(79) 2=2+2a, 


provided we set 


SY 
8 


Vm ms 
m=2L XL %Am—ab)x(b), ~=L X 22(m—ab)xz(b). 
or mi<os™ a o<as 5 
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From Theorem 139 and Theorem 140 (with dD in place of a, y»=7(b), 


and €,=2(m—ab) for mi<bx™, <a, Ey<2m ), it follows that 


Vm Vm 
(80) a= | os 2(m—ab) x(b) |< E2m-s at h. 
a= a <os™ a=1 
On the other hand, 


aio > ei a (ema acb). 
my <a> — 
In this formula, if we set 


3 [F]=0-0 


(where 0<0< 1), we obtain 
E(2m—2ab)=2m L1—b E2a—2m [F]—o |] ([2] +1) 


~in($—0)-0(P-0)-+ 2-2) 


—2md—1(% 26% 4924. 9) — m+ 9(609) 


2m2 


b 


Hence (observing that | 8—82|<1) we have 
meres by es 4b) b (085) 
ao ae b=1 


= HO soe 
Sm? (za, D= z EN) +m +m sft 
b=m3-+1 
so that by (72) (letting eee 1, v>o@) we have 
hal hoes reyes 7a 

2<m*L (1, Diwg—gtmis tm h=m? L (1, 4)-+m3 ns oye 1) 
(81) —m?L (1, x) +2m* h. 

From (78) to (81), it follows that 


# 4iice<m*L( y)+3mth=m?L (I, x)+3(4h)8h=m2L (1, x) +> = (4h)*, 


0<m?L (1, x), 
0<L(l, x). 
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THEOREM 153: For any character of the second or third kind, 


L'(s, x) 
L(s, x) 
is bounded for s>1. 
(The bound may of course depend on k and y. However, x need not be 
mentioned here, since for every k there are only g(k) possible values of y.) 


Proof: By Theorem 141, L(s, 7%) is continuous for s21; by Theorem 
145, it is never 0 for 1<sS2; and by Theorem 151 and 152, it is never O for 


s=1. Hence is bounded for 1=s=2; and for s>2 the same is true, 


1 
L(8, x) 
by Theorems 144 and 145. Finally, by Theorem 143, L’(s, 7) is bounded 
tons 10 


§ 4 


Dirichlet’s Proof 


THEOREM 154: Let (1,k)=1 and I>0. Then for s>1 we have 


92 Ly Len _ » A@ 
ie 87 HO LG) Wear 


(The term on the right is summed over all numbers a=l/ (mod k) in in- 
creasing—or, of course, arbitrary—order. The fact that not all of the terms 
vanish will later follow from Theorem 155 and is, for the moment, irrelevant. ) 


Proof: By Theorem 147 and Theorem 137, we have 


_y lt LG) 5 1 z(aA(a) _ §& A(@) _ 
- 1D Ls, 2) =2792, oo Sewer nUL dG) eas 


THEOREM 155: Let (l,k)=1. Then there exist infinitely many primes 
p=! (mod k). 

Proof: Without loss of generality, let />0. As s—1, the left-hand side 
of (82) (which, by (82), is eo ipso real) approaches o ; for the term of the 
sum that involves 7) approaches —oo, by Theorem 148, and the other h—1 
terms remain bounded, by Theorem 153. Hence we have 


le eee Cees: ula) 


The sum for which m>1 remains bounded, since 


SEEN 5 ee OE PA ea 5, Py ee 
a=2 @ a-2a(a—l)~ » p(p—1) on jie? oe Pp 


y SEP >I), 
pm Pp 

m1 

pm=l 


Hence we have 4 
pH MES 
=p 72 


—> OO. 


It follows that this sum can neither be empty nor contain only a finite number 
of terms. 
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PART THREE 


DECOMPOSITION INTO TWO, THREE, AND 
FOUR SQUARES 


INTRODUCTION 


These investigations really belong to the most elementary parts of number 
theory. I go into them only now, because at one point I intend to apply 
Dirichlet’s Theorem on Arithmetic Progressions. Part Three will answer 
the questions (n>0): 

1) When can n be written as the sum of two squares? 

Answer (Theorem 164): If and only if m has no prime factor p==3 
(mod 4) that occurs with odd multiplicity. 


2) When this is the case, how many solutions does the diophantine 
equation 


n= 9? 
have? 

Answer (Theorem 163): The number of solutions (and this is true 
even in the case of unsolvability) equals four times the excess of the number 
of positive d/n of the form d=1 (mod 4) over the number of positive d/n of 
the form d=3 (mod 4). 

3) When can n be written as the sum of three squares? 

Answer (Theorems 186 and 187): If and only if n is not of the form 
47(8b+7), where a0 and 620. 

(I am not asking in how many ways this can be done; this difficult 
problem, although solved, would lead us too far afield.) 

4) When can n be written as the sum of four squares? 

Answer (Theorem 169): Always. 


5) How many solutions does the diophantine equation 
N= 212+ 292-4 2g? a4? 


have? 
Answer (Theorem 172): If is odd, eight times the sum of the positive 
divisors of ; if n is even, 24 times the sum of the positive odd divisors of n. 
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The question that immediately suggests itself in consequence of 4), as 
to whether a finite number of summands (depending only on k) always 
suffices also for third, fourth,..., and, in general, k-th powers of integers 
=0 (the qualification ‘=0’ is unnecessary if k is even), will constitute one 
of the topics of Part Six of Vorlesungen tiber Zahlentheorie and is one of 
the most important that I have to discuss.with my readers; not only will this 
question be answered there affirmatively (by the Hilbert Theorem), but 
we shall also delve a good deal further into the subject (the Hardy-Littlewood 
Theorem ). 


CHAPTER I 


FAREY FRACTIONS 


This subject, which is over 100 years old, has more recently shown 
itself to be extraordinarily useful in the development of number theory. The 
reader will first come across its main applications in Parts Five and Six of 
V orlesungen tiber Zahlentheorie. 


DEFINITION 26: For a fixed number n>0, let all of the reduced frac- 
tions with positive denominators Sn, that is, all of the rational numbers 


7 (a, 6) =1, 0<b<n, 


be arranged in increasing order of magnitude, the sequence thus obtained 1s 
called the Farey sequence belonging to n. 


n 
Incidentally, there are exactly 2 (b) of our fractions in each interval 
b=1 
gsé<g+1 (for if } is held fixed, then the values of a resulting from 


j=—< g+1 constitute the reduced set of residues mod b lying in the interval 


gbSa<gb+b) ; since the Farey sequence is after all transformed into itself 
upon translation by 1, we will know it completely if we merely restrict our- 
selves to the interval OS€1. However, this is of no interest to me at the 
moment. 


Example: The section of the Farey sequence belonging to n=7 which 
lies in the interval O=€S1 1s 


Opie ieeieee lees ete leeds 5a) oe 0, 64 6 ol 
SM eGieh eA 72.5 88 ek 781 87 Aa 6? 7! Aj 
a a’ , 
THEOREM 156: Let a and pi be two successive terms of the Farey 
sequence belonging ton. Then, first of all, we have 
b+0'=n+1, 


and second, we have 


! 
ba'—ab'=+1 according to whether coe 
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Proof: By symmetry, we may let 


eed 
beeeo 


By Theorem 68, we can determine numbers x and y corresponding to 
a and b for which 
(83) ba—ay=1, n—b<ysn; 
for we have (b, —a)=1 and b>0, so that there is a number y in the com- 


plete set of residues mod b indicated above and then a suitable + correspond- 
ing to y. Then we have 


© GO 1 a 
y> 9, (x, y)=1, i bade ae 


If I succeed in showing that 


then I shall be through. For then 


ba=a'y, y/b', b'/y, 
b'=y, G==d, 
and therefore, by (83), 
ba'—ab'=1, b+b'>n. 


Suppose that 
x a 
ye 
ian ; a x 
Then, since z's the right-hand neighbor of a and since a also belongs 
to the Farey sequence because (x, y)=1 and 0<ySu, it would follow that 
eka 
yw 
so that in the formula 
ea «b'—ya' 
y vb yb! 


the numerator on the right would be >0 and therefore =1. We would 
consequently have 
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a’ 
Likewise ( since # ia >), we would have 


ih 1 b+y_ n 1 


ub Bb yb yb by 


H 04 a 
by by y o= 


which is a contradiction. 
t 


a ; ; 
DEFINITION 27: If aR and Bi are two successive terms in the Farey 


ata’ 
b+)’ 


sequence belonging to n, then 1s called their mediant. 


! t 
THEOREM 157: The mediant gar lies between ~ and © (and thus 


b-+0' b b' 
is certainly not a term in the Farey sequence) ; its distance from AE eye one 


b v 


' 


| 1 : 
S b(b+5) and BOL) , respectively. 


Proof: Without loss of generality, let 2 then, by Theorem 156, 


ia i 
we have 
a ata _ ba'—ab' 1 
b' ob+ B D(G2b)s bb +b) 
ata a_ba—ab' 1 


b+b' b b(b+6’) =p 4b) 
THEOREM 158: Given any number n>0 and any real number &, there 


: ae ; 
is a fraction — for which 


b 
(a, b)= if 0<b<n, 


a 
se cele ee 
: b Star 1) 
Proof: If we consider all of the Farey fractions belonging to n and the 
mediants of every pair, then & is certainly contained in at least one interval 


ata’ 


between a Farey fraction e (inclusive) and one of the two mediants bb’ 


(inclusive) belonging to it. Hence, by Theorems 156 and 157, we have 


ata a = 1 
b+0' 6b | b+) b+) 


= 
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THEOREM 159: Given n=1 and &=0, there exists a fraction © such that 


b 


(a, b)=1, 0<b<n, 


a iH 


Proof: Theorem 158, with n=[v7]. 


CHAPTER II 


DECOMPOSITION INTO TWO SQUARES 


The letters n, 11, m2, d, dy, and dz will in this chapter always represent 
positive numbers. 


THEOREM 160: /f 
n>1, 2=—1 (mod n), 


then 
(84) n=a2+y?, £>0, y>0, (a, y)=1, y=Ilax (mod n) 
is always solvable, and uniquely so. 

Proof: 1) (Solvability.) By Theorem 159 with (n= Yn, é=— ) 
corresponding to given n and /7 there exist two numbers a and b for which 

: aa 1 
(a, b)=1, 0<b<|n,)-—7-G Sat 
If we set 
lb+na=c, 
then it follows that 
c=1b (mod n), |c|<Yn, 
so that 
0<b?+c?<2n. 
Since 
b?-+-¢?=62+ [2b2=(1+/%)b?=0 (mod n), 

it follows that 


b?+c=n. 
Furthermore, we have (b,c)=1; for from 
n—b2+ (lb+na)?=(1+1?)b2+ 2Inba+n*a? 


it follows that 
135 
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t= p24 tbat Wbatna?= ub+a(lb+na)=ub+ac. 


c-+-0; for otherwise we would have b?=n>1 and (b,c) >1. 
In the case c>0, the choice 


U=), Y= 
accomplishes what we want. 
In the case c<O, the choice 


“e=—Cc, y=b 


does it. For, 


n=(—c)?-+b2, —c>0, b>0, (—e, b)=1, b=—l?b=—Ic=l(—c) (mod 7). 


2) (Uniqueness.) Let 41, y; and +2, yo satisfy the conditions in (8). 
Then we have 


ni== (01° ¥4") (%2?-+ Yo") = (#1 Lat Yr Yo)? + (1 Yo—Y1 Vo), 
yet Yy Yo=UX Lp +L a lag=(1+1*) x, x2.=0 (mod n), 


so that, since 7142+ y2>0, we have 


© Xt Yi Y2=N, Lz Y2—Yi Lo= 9, 
My M= Hy (Ly Lot Ys Y2)— Yr (Li Yo— Yr Lo) = q(T 72+ Ys) — HN, 
X= Xp, 
Y= Y2- 


THEOREM 161: Let V’(n) be the number of solutions of 


(85) 1?=—1 (mod n). 
Then the number of solutions of 
(86) n=2+y?, (x, y)=1 
equals 4V (n). 
Remark: The value of V(n) was determined in Theorem 88 (the n 
of that theorem ——] here and the m of that theorem =n here) : 


0 if 4/n or if a prime p=3 (mod 4) divides n, 
V(n)= 3 2° if 44m, no prime p=3 (mod 4) divides n, and s is the 
number of distinct odd primes p/n. 
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Proof: 1) For n=1 the statement is trivial; we have 


V(1)=1, 


and the four decompositions read 
1=(+1)?+ 02=024 (+1)? 


2) For n>1, we necessarily have +=+0 and y-+0 (since (+, y)=1), 
and therefore the number of solutions of (86) must be four times the number 
of solutions with the supplementary conditions that x>0 and y>0. It fol- 
lows from Theorem 160 that.for each / satisfying (85) there exists a solution 
of (86) for which 


«>0, y>0, and y=/r (mod n). 


Conversely, every solution of (86) for which x>0 and y>0 yields 
exactly one / (mod) satisfying (85) for which 


(87) y=lIla (mod n). 


For since (+, y)=1, we have (%,”)=1, and therefore (87) is uniquely 
solvable for / (mod 7), so that 


0O=n=224 yY=x2?+x?=(1+1?)x? (mod n), 
0=1+/? (mod n). 
THEOREM 162: The number U(n) of solutions of 
(88) N= a" --y? 


is given by the formula 
U(n)=42 (4), 
(n) hae 


(That is, d runs through all the positive numbers whose squares divide 1. ) 


Proof: If the pairs s, y are classified according to the various values of 
(x, y)=d, where d?/n, then our theorem clearly follows from Theorem 161, 
since for (x, y)—d, (88) is equivalent to the statement 


x 
a wy7 + yy? %1 = da’ ha (11, w)=1 
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THEOREM 163: 


(89) U(n)=4 x0) 


where x(d) is the non-principal character mod 4 (see Part Two, Chapter III, 
§ 2), that is, 


0 for d=0 (mod 2), 
x(@)=| 1 for d=1 (mod 4), 
—1 for d=3 (mod 4). 


Written differently, 


1 
U(n)=4 2 (—1) ?. 
ulin 
u odd 
Remark: Thus, this theorem also justifies the wording of the answer 
to Question 2) in the Introduction. 


Proof: If (m1, ”2)=1, then by Theorem 71 we have 
V (ny 2)= V(r) V (ne), 


so that by Theorem 162 we have 


U (nz Ne) @ a) Ny Ng ( oe) & ) 
4 Pa d? in E d,? dy? Oe E d,? ‘ dy” 
d,?/N ?/ 


(since the numbers d for which d?/nyn> are in one-to-one correspondence 
with the products d,d2 for which d2?/n, and d2?/n2) 


(90) =. 5 (>) x v(4%) = Ae) U (m2) 


d,?/n, dy - d,?|Ne ds a 4 


If we let 
X74 (d)=Wi(n), 
djn 


then W(n) also has the property that 


W (ny %2)= W(n1) W(ne) for (m4, n2)= 1; 


« 


for 


4 4@)=% X (di de) = X x (di) X x (de). 
d/n, Ne a d,in, d,| Ny 
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It therefore suffices, since (89) is obvious for n=1 (4=—4-.1), to prove 
(89) for n=p', 1>0, where this statement now reads: 


SO) yp) 4. +4 @)FL 


We do, in fact, have V (1)=1, and by Theorem 87 (the value of n there 
being —1 here), or else by the Remark of Theorem 161, we also have 


1 for p==2,.m=1, 

210 for p=2, m>1, 
VAC = 0 for p=3 (mod 4), m>0, 
2 for p=1 (mod 4), m>0. 


It follows from Theorem 162 that, for even /, 


= VG) ays pV (9) 27 C1) 


1 for p=2, 
(91) =} 5.24 1=1+1 for p=l (mod 4), 
a for p=3 (mod 4), 


and that, for odd /, 


1 for p=2, 


(92) oe) Vey) ey AP) gt FA =1-+1 for p=1(mod 4), 


0 for p=3 (mod 4); 
on the other hand, it follows by definition that 


0O+..-+0+1=1 for p=2, 
1+.---+1+1=1+ 1 for p=1 (mod 4), 
A(p)te + X(P)rI=) j_y4...41=1 for p=3 (mod 4), 2/1, 
—l+1—-.-+1=0 for p=3 (mod 4), 2+1. 


(I am well aware that I have repeated several computations that occurred 
at the beginning of the proof of Theorem 152.) 
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THEOREM 164: . 
O, if there is a prime p=3 (mod 4) that divides n with (pre- 
U(n) cisely) odd multiplicity, 
—4 = \T(m) otherurse, where m is the product of the powers of 
the primes pln of the form p=1 (mod 4) appearing in the 
canonical decomposition of n. 
Proof: For n=1 the statement is obvious (1=1). For (m,2)=1 
the equation 


FP (1 N2)=F (ny) F (nz) 


holds for Ho, (by (90)) as well as (obviously) for the right-hand side of 


the statement to be proved. It therefore suffices to prove the statement for 
n=p', l>0. In this case, it follows from (91) and (92) that we do, in fact, 
have 


l==7'(1)) for p=2, 
U(p))  jl+1=T(p') for p=1 (mod 4), 
1 1=7T(1) for p=3 (mod 4), 2/I, 
0—0 for p=3 (mod 4), 2+1. 


THEOREM 165: Every prime p=1 (mod 4) can be written as a sum 
of two squares and, moreover, this can be done in eight ways. 


Proof: From Theorem 163 or Theorem 164, U(p) =4-2=8. (Even 
Theorem 161 suffices, since V(p)=2 and in the equation p=x?+ y? we cer- 
tainly have (+, y)=1.) 

p=1 (mod 4) can be written in “essentially” only one way as a sum of 
two squares, since the eight representations can all be obtained from any 
one of them by changing the signs of x and y and by interchanging the sum- 
mands. Stated precisely : 


p=x+y, 2>0, y>0, 2/x 


has exactly one solution for p=1 (mod 4). 


CHAPTER III 
DECOMPOSITION INTO FOUR SQUARES 
Introduction 
I shall consider the diophantine equation 


N= Uy? My? Mg" 4” 


before the equation 
NM=H,2+ %?+ et 


for the proof of the solvability of the former equation, as well as the deter- 
mination of the number of its roots, is easier than the answer, which follows 
in Chap. IV, to the question as to when the latter equation is solvable. 
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§1 
Lagrange’s Theorem 


The following proof could be shortened somewhat if we were to bring 
in some of the above theorems on quadratic residues and on decomposition 
into a sum of two squares. However, the presentation of an as brief as pos- 
sible direct proof seems to me to be of interest. 


THEOREM 166 (Euler’s identity) : 


(t,° 9,79, a, (ye Yo" y,°+y,”) 
(93) { = (ay YH Wy YotMy Yp +1, Yu)? + (%y Yo— Ly Ya + Ug Ys— 4, Ys)” 
+ (ty Yg— 2g Yy + Ly Yo—2o Yu)? + (1 Yg— Ue Ys + Ly Yg— Xe Yo)” 


(We shall use (93) only when +;,..., ys are integers ; this identity holds, 
however, for arbitrary complex numbers. ) 


Proof: Let us verify the assertion. On the left, after multiplying out, 
we have sixteen expressions of the form a,°9," (¢=L=..,4; b=1)7.. 54): 
These also appear, among other terms, on the right, for within the four 
parentheses on the right, each x, is combined with each yp, with a coefficient 
of +1. The other twenty-four terms on the right, which are all of the form 


2 aX, YoYa, a<b, c<d, cancel each other pairwise; for on the right the 
coefficient of 


22% 1S YyYo—Y1 Yo— Ys Ya + Ys Yu =O, 
22%, 1S YYgtYoYs—Y Ys— Ya Y=; 
20%, 1S Yy Yy— Yo Yg+ Ya Ys—Y1 Vr =, 
2%_%, 1S Yo Ys—Y1 Ya + Yt Ys— Ya Ys = 9, 
2 %_%, 1S Yo Ys tY1Ys— Yo Ys— 91 Ys = 9; 
2%,%, is Ys Ys— Ys Ya— V1 Ya t Y1 Y2 = 9. 


THEOREM 167: For every p>2 there exists an m for which 


l<m<p 
and : 
Mm p= ty" + %,?+ 24°20," 
is solvable. 
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Remark: Without the condition m<p this would be trivial : 
p p=p*+ 07+ 09+ 03; 
but it would also be quite useless. 


Proof: The aan numbers 2”, One l 5 “ are incongruent to each 


other (mod p) in pairs (for from 4,?=,7,2? it would follow that 


p| (4#:—*2) (41+-42) and 4;=+ 472 (mod p)) ; 


1 
oe numbers —l—y?, 0<y< 
since this makes p+1 numbers altogether, and since there are only p residue 
classes mod p, it follows (pigeon-hole principle!) that there exists a pair 
x, y for which 


the same is true of the a Therefore, 


x=—1—y? (mod p), |z|<4, |y |<. 
Then we have 
Bee 
eer ye 1 0 —m pi mp a 14 1<p’. 
(The shortening of the proof referred to above—a very modest one— 
goes as follows: For p=1 (mod 4) we already know, by Theorem 165, that 
1-p=a,?+2%,?-+ 07+ 0?, 


For p==3 (mod 4) it follows from Theorem 79 that in the interval 1SaSp—l 
there exist both a quadratic residue and a quadratic non-residue mod p. 
Since 1 is a quadratic residue, there must be some a for which 


(Sas (CH= 


a) = 1, by Theorem 83, so that a=x? and —a—l=y? 


Then we have (= 


(mod p) for suitable + and y with |x <4 ly <4. It follows that 


z+ y?+1=0 (mod p), |2|<4, |y|< 


The reader will object that the proof has been shortened by a negative 
amount; he is correct; but as far as I am concerned, it serves a purpose to 
emphasize that Theorem 168, which follows, has already been proved earlier 
in this book for the case p=1 (mod 4).) 
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THEOREM 168: For every prime p, 
pH=x +m? + 27+ 0," 
is solvable. 


Proof: For p=2 this is obvious (2=1?+1?-++-0?-+-0?) ; therefore let p>2. 
Let m=m/(p) be the smallest. positive number for which 


(94) M P= Hy" Hy? +2," 2%," 
is solvable. By Theorem 167, m<p. We assert that 
m=1. 


In any case, m is odd; for otherwise it would follow from (94) that 


x, +2%,+2,-+%,=0 (mod 2), 


so that, without loss of generality, 
%4+2,=0, 2+2,=0 (mod 2) 


(that is, if the +, were all odd or all even, this would certainly be true; and 
if two were odd and two even, it would become true upon suitable renumber- 
ing), and therefore 


xX, x,—ax, \? %,-+2,\? L,—x, \? 

pee aS ae eae 

where the four parenthesized terms on the right would be integers, contrary 
to the minimality of m. 

Theorem 168 will now be proved indirectly. Let us suppose m to be >1 


and therefore to be odd and 23. 
Let numbers y; be chosen, for k=1, 2, 3, and 4, in such a way that 


, 


m 
Yr=% (mod m), | yx|<z- 


m— 1 m—l1. 
(This can be done, since a yx a isa complete set of residues. ) 


Then we have 


A pita 2 tytn p=0 (mod m), 
k « 
(95) 2» y.2=m Nn. 
k 


In this formula we must have n>0; for otherwise we would have 
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Ye=0, mix, for every k, m?/X' 2,2, m2/m p, m/p, 
k 
contradicting 1<m<p. Furthermore we have n<m, for by (95), 


2 
mn<4 =m. 


From (94) and (95) it follows, by (93), that 
(96) m°np=right-hand side of (93). 


Each parenthesized term on the right-hand side of (93) is =0 (mod m). 
For the first one is ‘i 


2 0 Yr=2 H;,?=0 (mod m), 
k k 


and for the other three terms we merely have to notice, twice for each term, 
that 


Le YI— Lj Ye = Ly LI— L1H, =0 (mod m). 
From (96) it therefore follows that 
M P= By" 29? 2° +24", 
which, since 0<n<™m, contradicts the minimality of m. 


THEOREM 169 (Lagrange’s Theorem): The diophantine equation 
(97) N= H,°+ H+ m5"+ 0, 


ts solvable for every n=O. 


Proof: For n=O and n=1 this is obvious; therefore let n>1. By 
Theorem 166 it follows that the statement is true for m;n2. whenever it is 
true for n; and ng; for if 71,..., ys are integers, then each of the four paren- 
thesized terms on the right-hand side of (93) is an integer. Since 
N=hipo... py», everything thus follows from Theorem 168. 


§2 


Determination of the Number of Solutions 


Since the number of solutions of (97) is obviously 1 for n=0, we may 
assume that n>0. Let Q(n) denote the number of solutions of (97). The 
fact that we already know Q(n) to be >0, by § 1, is irrelevant ; we shall not 
use § 1, but we shall indeed use Chap. II (the number of decompositions into 
two squares ). 

Throughout the present section (§ 2) the symbols u, Uy, Ug, Ug, Uy J, 
m, a, a, b, B, ay, a, 61 and f, will denote positive odd numbers. 


THEOREM 170: Let A(u) be the number of solutions of 


(98) 4u=uy?+U,?+ u,?+u,?, 
and (as in Part One, Chap. IV) let S(u)=2'd. Then we have 
dlu 
A (u)=S(u). 


Example: For p>2, the theorem states that 
4p=—u,?+u,?+4u,?+ 4,” 
has exactly p+1 solutions. For example, for p=3 the four solutions are 
12— 324 124 124 12 124 324 J24 J2— 24 24 324 7224 24 24 Bz, 


Proof: We obtain all the solutions of (98) when we decompose 4u 
into 2/-++-2m in all possible ways, and then solve 


21— u?+u,”, 2m=—u,"+u,?. 


(For u,?+ u,?=u,?+u,2=2 (mod 4).) 

If v is odd, then in the equation 2v—+?+ y?, x and y must eo ipso be odd, 
so that the number of solutions of this equation equals four times the number 
of solutions in which x and y are odd, positive numbers; it therefore follows 
from Theorem 163 that 


y UE) Um) 


AY Spree 4 mine Seis eas Sie) Fi — Xx) 2x0) 
= & 2 y(ab)= 2 eR 
Lm=2u AE aa+bs=2u 
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That is, the last term is summed over all quadruplets (of odd, positive num- 
bers) a, a, b, 6 for which aa+bfp=2u. 

Let us first count the contribution of the quadruples in which a=b. 
In this case, a/u; the equation 


U 
si =a+ 8B 


clearly has : SONIEOU Se (Gs 1505, . in, 2-1 and the § determined there- 


from) ; since y(aa)=1, the contribution of each is thus 


eee dS (0): 


afu & du 


It remains to be shown that 


By symmetry, it suffices to show that 


aie ab) = 0, 
aa+bs=2u 
a>b 


And for this it suffices to pair off the solutions of 
ae+bB=2u, a>b 


one to one in such a way that for every pair a, b, a, 8; a1, bi, a1, B1 we have 


(99) ~(ab)+ x(a, b,))=0. 


In order to achieve this, I need only specify a rule such that 
1) to every quadruple a, b, a, 6, a quadruple a, bi, a1,61 is assigned such 
that 
a,4,+6,Bj=2u, a,>5,; 


2) to this latter quadruple the rule assigns the original quadruple 


a 0; 0, Bs 

3) the equation 
(99) 4(ab)+ 7 (a,b,)=0 
holds. 


For the two quadruples would then eo ipso be distinct, by (99). 
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The rule is: Setting 


b 
— = 
n= (>| 0) 
for brevity, let 
@,=(n+2)a+(n+ 1)B, a,=—na+(n+ 1)b, b=(n+l)a+nB, 
B,=(n+ loa—(n+ 2)6. 
We have, indeed, that 
11) each of these four numbers is odd, since 
aj=n+2+n4+1=1, a=—n+n4+1=1, =n+1+4+n=1, 
B,=n+1—n—2=1 (mod 2); 
12) each of these numbers is >0: a, and );, obviously; a, since 


b . b 
oh =n; and f;, since n+1> pays 


13) ayo, +6, b;=—n(n+ 2)aa—n(n+ lhaB+(n+1)(n+2)ba 
+ (n+ 1)?6B 
+(n-+1)2a a-+-n(n-+ 1ap—(n-+1)(n-+2)ba 
—n(n+2)bB 
=((n+ 1)?—n (n +2))(ae+bp)=aae+bp=2u; 
14) ay>6, (obvious). 


by (a+B)+o 

?) 5 = FE a+ B met 
(n+ 2)a,+(n+ 1)Bi;=a(—n(n-+ 2)+(n+ 3)*)=a, 
—nayt+(n+1)b, =a(—n(n+2)+(n+ 1)*)=a, 
(n+ l)ay+np, =b((n+1)?—n(n+2)) =), 
(n+1)a,—(n+2)b;5=B((n+ 1)?-n(n+2)) =8. 


(The fourth verification could have been omitted, since a; @;-+6,6;=aa+b8.) 
3) For odd v and w, we have 


(v— 1) (w—1)=0 (mod 4), 
vw=v-+w—l1 (mod 4). 


Hence we have 


2=2u=aa-+bB=(a+a—1)+(6+f—1) (mod 4), 
a+b+a+fB=0 (mod 4), 
ab+a,b;=(a+6b—1)+ (4 +b,—1l)=a+b + a,+b,+2 
=a+b+(2n+3)a+(2n+1)8+2 
=2n(a+ B)+a+b+a-+ B+ 20+ 2=0 (mod 4), 
4 (ab)=— x (a,by). 


THEOREMS 171-172 149 

THEOREM 171: Q(2u)=3Q(u). 

Proof: Inthe equation 
(100) 2 w= 22+ wo2-+ 2792+ 2742 
two of the +, must be even and two odd, since every perfect square is =0 
or 1 mod 4. The number of solutions in which +; and x2 are even and x; and 
4“, are odd is therefore = O(2n), 

It then follows from (100), if we set 


Ly +2. X4—2. X3+a, Xg—2, 
(101) y— = * Y= Y= Ya= S , 


that 1, yo, yz, and ys are integers and that 
(102) w=yP+yPtysr tye, wt w2=0, ¥s+ys=1 (mod 2), 


Conversely, it follows from (102), if +71,...,%, are determined from 
(101), that is, if we set 


(103) U=Yrt Yor C2=Yr— Ya, M=Yst Yay T= Ys—Ya , 
that (100) holds, and that +, and x2 are even, and x; and x, odd. 
- Q(2w) is therefore the number of solutions of (102). 

Q(«) is the number of solutions of 
(104) U=yy2+ Yo? + ys?+ Ya? 


Hence we have, as asserted, that 
1 I 


For in (104) precisely one y; is odd if u=1 (mod 4) ; and this can be only 
ys or ys in (102) ; if u=3 (mod 4), exactly one y; is even; and this, too, can 
be only y; or ys in (102) ; thus (102) has half as many solutions as (104). 


THEOREM 172: O(u)=8 S(u), 
Q(2'u)=24S(u) for 1>9. 


Remark: This determines Q(n) for n>0; to be specific, for odd n, 
Q(n) must be 8 times the sum, and for even n, 24 times the sum of the odd 


positive divisors of n. 
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Proof: For n>0, we have 


(105) Q(2n)=Q(4n). 

For 

(106) An ay + my? + ws" x4" 

ae Ly =L,=13=-7, (mod 2), 
so that 

(107) 2m= Yr? + Yo? + ys? +t Ya", 


where the y;, are determined as integers by (101) ; conversely, (106) follows, 
from (107), when the x, are determined by (103). 
Furthermore, we have 


(108) Q(4u)=168(u)+ Ou). 
For in the equation 
4u=24?+ 297+ %g2+ a4? 
either all of the x, are even—this, Q(u) times, since the equation is then 
equivalent to 
U= 2? + 27+ 257+ 24%, Ze 3 ’ 


or else they are all odd—this (because of the signs) 164(u)=16S(u) times, 
by Theorem 170. 


From Theorem 171, (105), and (108), it follows that 


3O(u)=O(2u)=O(4 u)= 16 S(u)+ O(u), 


(109) Q(u)=8S(u), 
and from (109) and Theorem 171 that 
(110) Q(2u)=24S(u). 


For />0, finally, it follows from (105) and (110) that 
O(2'u)=Q(2u)= 24 S(u). 


CHAPTER IV 
DECOMPOSITION INTO THREE SQUARES 
§1 


Equivalence of Quadratic Forms 


In this chapter I shall assume that the reader is acquainted to a certain 
extent with the theory of determinants and their applications. That portion 
of the theory of the so-called quadratic forms which I shall require, involves 
only two or three variables ; it is more expeditious, however, to work it out 
once, for r variables, instead of twice, for two and for three variables. Con- 
sequently, let r be an arbitrary number 22. 


DEFINITION 28: If 4%1,..., *, are integral variables, and if the numbers 
dy, for 1SkSISr, are integral coefficients, then 
PHF (ay, «« -, LH Ay 2y7 1 2Ayy Ly Ly +++ + 2-H, Ly + Ay, Lo? 
+2 digg Vy Lg +++ Opp Hy" 
is called a quadratic form—or here, for short, a form. 


It is convenient to set 


Q¢n1= 414 for l<l<k<r, 


so that for 1=kSr and 1S/S 7, we always have 
(111) Ax1=A41k 5 


then we may simply write 


FEZ Gp te27 3 
kl 


until, later in this section, we specifically set r=2 and r=3, the indices of sum- 
mation always run from 1 tor. 


DEFINITION 29: The determinant | a.) is called the discriminant of the 
form F. 
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DEFINITION 30: [f 


FF (0645 0 « «5 Vy) = & Oe TE GA, 4 Br) = Abe aee 
k,l 


are forms, then we say that F is equivalent to G, written 
F~G, 


if there are r® integers Cy. of determinant 


Orie ts 

(112) Leen) == es a | 
Cry *** Cre 

for which the r equations 

(113) Te= 2 Cur yt 

formally transform F(x1,...,%r) mto G(41,..., Vr). 


That is, we should have identically 


Oma Ym Yn = &Ak1 2: Chm Um Cin Yn = = Ym Yn 2 Ck m Qk 1Cin; 
m,n k,l m n m,n k,l 


since, by (111), Wmin and nm on the right have the same coefficients (because 


2 CemGktCin= © Ck mA kCin= Cm Ae 1Cen—= LC kn Qe iCrm); 


7 ? P) 2 


this is equivalent to the conditions 


ies = 2 CemQziCin, 


that is, a 
(114) bez == Omen Cats 
m,n 


We say, for brevity: F goes into G under the transformation (c,1). 
The following three theorems are analogous to Theorems 45-47 on con- 
gruence ; they justify the introduction of the concept of equivalence. 


THEOREM 173 (Reflexivity): F~F. 
Proof: The so-called identity transformation (of determinant 1) 


Aes ie for k=l, 
MSS Ofor ed, 
that is, the equations 


Ce YE 
carry F into F. 
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THEOREM 174 (Symmetry): Jf F~G, then G~F. 


Proof: By (112), the equations in (113) may be solved for the vari- 
ables yz, the solutions having integral coefficients : 


Ya= 2 ders} 
and we have 
| der| =] 
since 
Ye= Lda mln = dam *Cmiyi =2 yi 2 dimomi, 
m m m 


2 Oe mCmi= ext 
m 


L= | eer] = | 2dememi| = | des] | Cer] = | dee 
(the theorem on the multiplication of determinants). 
THEOREM 175 (Transitivity): If F~G and G~H, then F~H. 
Proof: Suppose F goes into G under (c,.), and G into H under (jx), 
so that 
| cer | = | jez] = 1. 


From 
%e—LD Cpr Yl, Ye= > Jur a 
1 


it follows that 
Lp ep Jim ene em CELI 
qt m m ql 


This represents an integral transformation carrying F into H; it has deter- 
minant 

| 2 Cem Jmi| = | Cer|| Jer] =1-1=1. 

m 


Theorems 173 to 175 show that the totality of forms fall into classes of 
equivalent forms. 

In addition, we have: 

THEOREM 176: If F~G, then F and G have the same discriminant. 

All forms having equal discriminants thus fall into classes of equivalent 
forms. 


Proof: By (114) we have 


| bez | = | cxz| | aec| | cee] = 1-|@er|-1 =| axa]. 
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TueorEM 177: If F~G, then F and G represent the same numbers. 
Proof: From G(,...,¥r)=¢, it follows that F(41,...,*#,)—=c for the 
eo ipso integral x, given by (113). 


DeFINniTION 31: F is called positive definite—or here, for brevity, defi- 
nite—if F>0 for all integral values of x1,...,%, that do not all vanish 
simultaneously. 

If F~G, then it of course follows that if F is definite, so is G. 


Now I shall consider, in somewhat more detail, both binary forms (r=2) 
and ternary forms (r=3). Their discriminants |a,:| will always be denoted 
by d. For greater convenience, I shall write the binary forms as ax?+2bry+ 
cy, so that 


Be GD ees s 
Ci $e | = ac—b?, 
Such a form is abbreviated as {a, b, c}. 

THEOREM 178: F={a, b,c} 1s definite if and only if both a>0 and d>0. 

Prooje 1) lt ¢=0, then 

(1. O)=a=.0; 

so that F is not definite. 

2) If a>0 and dS0, then 

F(—4, a)=ab?—2b?a-+ca?——ab?+ ca? =a (ac—b2)=ad <0, 


so that F is not definite. 
3) If a>0 and d>0, then from 


aF=ax’?+2abcytacy*=(ax+by)?+(ac—b®) y=(ar+by)?+dy2, 
it follows that FSO only when +=y=0. Indeed, it follows from FSO that 


ax+by=0 and y=0, 


so that +=0 as well. F is therefore definite. 
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THEOREM 179: Every class of definite binary forms contains at least one 
form for which 
2|b| Sac. 


Proof: Let us fix upon a form {ao, bo, Co} belonging to the class. Let a 
be the smallest positive number representable by it (and therefore by any 
form of the class). Then, for suitable r and t, we have 


(115) Q=Aor? + 2bhori+cot?. 


Here we have (7, t)=1, for otherwise, if we set (7, t) =v, since v/a, it would 


then follow that 
2 
case y 2b 64 — 


is representable by the form. 
Therefore, by Theorem 66, we may choose s and yu in such a way that 


rs 


am =ru—si=1; 


by Theorem 68, the most general such pair, s and u are of the form 


S=So thr, u=Up+ht, 
where h is arbitrary. 
By (115), the transformation ee takes {ao, Bo, Co} into {a, b, c}, 


where the first coefficient is actually our a (by (114), or else by direct com- 
putation, or else more elegantly: G(1,0)=F(r-1+s.0, t-1+u-0)=F(r, t), 
where G is the new form and F is the old one) ; furthermore (by (114), or 
else by direct computation), we have 
b=s(a,r+bot)+u(byr+ct) 
= 8, (apt +b, t)+ Uy (bot + cot) +A(r (a7 +bot) +t(bo rt +c t)); 


consequently, since h has coefficient a@)7?-++ 2b rt+c,t? =a, b takes on all 
values in a certain residue class mod a; h can theretore be chosen in such a 


way that 
lbla5 


bo| & 


Since c can also be represented by the form {a, b,c} (with x—0 and y=1), 


we have 
GSE. 


so that everything is proved. 
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THEOREM 180: Jn every class of definite binary forms there 1s at least 
one form for which 


2 
2|b|<a< TF Vd. 
Proof: From the inequalities of Theorem 179 it follows that 


2 
a<ac=b+d<— +4, 


THEOREM 181: Every definite binary form having discriminant 1 1s 
equivalent to the form x1?+- x2. 


Proof: By Theorem 180, every such form is equivalent to a form for 
which 


2 
2 | b | Sas are? 

| 3 
that is, 


a==1, b=0,(c=1, 


Now for ternary forms! 


3 
THEOREM 182: F= 2 ay, xy, x is definite if and only if all of the fol- 
k,l=1 


lowing hold: 


11 Ayo 
PHF] 


@,>0, b= >0, d>0. 


If F is definite, then we have, further, that 
(116) Oy P= (ayy Ly+- yy Ly +Ayg Uy)” + K (ag, Xe), 


where K (42, +3) is the definite binary form {41 G—Qy9", G14 Uog—Ayo Ayp, 
044 43—Ayg°} with discriminant aid. 
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Proof (quite inelegant, in order to make it simple for the reader) : (116) 
holds, in any case, for 


K(a,, %)= (G1 G9—A49”) Aa 2 (41 @3—Ayy Ay3) Ly ®y + (Ay Ugg —Ayg°) Uy”. 
For 


Ae Peat S 
Ay Ff =a4)° 2, +2041 Ay. %1%y F244 113 Uy Ly Oy Ugg Vy” + 2.041 Ayg Ly Ly : 
: +41 gg Ly 
= (441%, + Gy, Xp + ys 3) + (41 G99—A49”) Tq? + 2.4, Gog —Ay9 4g) Ly Ve 


+ (G41 433 —Qy3") Xe 
(116)5 = (44) % +9 %_+ A43X3)"+ K (25, 2). 
K (#2, #3) has discriminant * 


i ae ae 2 2 
C= (044 Gy9—Gyq”) (041 A3g— yg \— (441 yg — Ay 543) 
a als 2 2 2 
= yy (G41 Ayq gg —Ay1 Mpg” + 20495 33 Ay_ Ag3—Ay3 Qy9)=Ay,d. 


1) If ay;0, then F(1, 0, 0)=a,,;<0, so that F is not definite. 

2) Ifay1>0, then clearly F(%1, x2, x3) is definite if and only if K (+e, +3) 
is definite. For if K is not definite, then K (#2, x3) 0 for some suitable x2 
and +; not both 0; and also, therefore, with the additional condition that x2 
and +; be divisible by a;; (a proportionality factor) ; then +, can be determined 
as an integer from 


Ay X4+yy L,+,3%3—9, 
and for the resulting triple 71, x2, 73, we have 


Ay, F (x1, Ly, 43) =0? + K (x,, X3)<0, 
Fs0. 


On the other hand, if K is definite, then from FSO it follows, successively, 
that 


ay ee 2 aa 
K (ay) %3) <0, 1 F (%,%q,%3)S0, C= %,=9, ay, %y'<0, 4,=0. 


By Theorem 178, applied to K (#2, ¥s), it follows that in the case where 
a41>0, F is definite if and only if both 


b=41%2—Ay, > 9, C= Ay, d>9, 


that is, if and only if both 
b>0 and d>0. 
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Turorem 183: Jf (ci, C21, C31) =1, then the six remaining numbers 
Cx can be chosen in such a way that 


[ Cer | eed 


Proof: Let us set (ci, C21) =g, so that (g,¢31)=1. Then let us choose 
C12 and C22, by Theorem 66, in such a way that 


CU 1g5 = in ai 22 
furthermore, let us choose u and v, by Theorem 66, in such a way that 


Ju—C,,;0— 1; 
Then we have 


Cc 
Cy Cyn —-¥V 


CC. O06 
__, &49 ©n1— C41 Cog vt _ 
Coy 5 Saeed CAT V+ (641 Cog —Cyp Co )U=—Cg, 9 +9 U=1. 


Cy1 Coe 


Csi 0) & 


THEOREM 184: Every class of definite ternary forms contains at least 
one form for which 


4A A 
tn=s5 Vd, 2|ay| Say, 2| a5 | Say, 


Proof: Let F be a fixed form belonging to the class. Let a,, be the 
smallest positive number that can be represented by F, and consequently by 
any form belonging to the class. Then, for suitable cy, co1, ¢31, we have 


A= F (644, p45 C51). 
Here we have 


(644) Ca, Cs, )=1, 


: : a 
since otherwise -——**—., would be representable. 
(C11 Co11€33) 


Let G= 2'b;1%, 2. be the form into which F is carried by the transfor- 
kyl 


mation (cx), of determinant 1, constructed in accordance with Theorem 183; 
then we have 


by;=G(1, 0, 0) =F'(¢y,) Cy, C1 )=Ayy. 
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To G we apply a transformation 


Lars 
(dy) = 0 tu y 
O vw 


where tz—uv=1 ; then, for arbitrary r and s, we have 
Ay | == 1. 


Now we shall take care of t, u,v, and w. Let G go into H under (d,,). Then 
in H, the coefficient of y,? equals G(d41, doi, d31) =G(1, 0, 0) =ay; ; let us set 
H= Lagi yz yr; then, by (114), we have 

kl 


(117) Ayg= © dnt bmn dn2=~ bin dn2=1 41, +tb,, +0545, 
min n 


(118) Ayg= 2 dni bmn dng=~ bin dng=844,+Ub,,+wb,,3 


the transformation 
(119) Up—= > der Ya 
therefore yields 


UPC Oe ae Zo t= Zou 2 dei y= PEL Zou dpi 
(120) 041 yt yy Yo +s Ys 
By Theorem 182, we have 
gg ins hg) (05 7 Oat Og Ug) 1 (2a, Ws) 
Oy A (Ys; Yos Ys) = (211 Ya + G1 Yo + Ais Ys)” + LYs) Ys); 


where K and L are definite in their respective variables. Since (119) carries 
the form G(41, x2, 73) into H(4, ye, yz), and since (120) also holds, it fol- 


lows that K(42, +3) is taken into L(ye, y3) by the transformation 3) 
By Theorem 182, L has the discriminant a,,d, and its first coefficient is 


@11022—019”. Therefore, by Theorem 180, we may dispose of ee by 
vw 


arranging matters so that 


2 
= ee 
tw—uv=1, 04, 4.—4,,"S—) a,4,d. 


3 
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Then, by (117) and (118), r and s can be chosen so that 


a a 
l¢,|S |3|S->. 


We therefore obtain, since d22—H(0, 1,0) is representable by H, and 
is therefore —a,, that 


Seed rag Ay)” 
V3 44 At 


== 2 2 
Oy "Sy Uy = (41 Ugg@— AQ”) + Ay = 


8 
a S373 Yad, 
8 
outa d, 
4 3 
1S 3 d, 


so that everything is proved. 


TueEoreM 185: Every definite ternary form with discriminant 1 is 
equivalent to the form x1?+-%2?+-4,°. 

Consequently, every number representable by such a form can be written 
as a sum of three squares. 


Proof: By Theorem 184, the given form is equivalent to a form in which 


Che 5) 2|dy.|Say1, 2| a3] Say} 
from this it follows that 

@4,=1, a,,=0, a,,=0. 
The class therefore contains a form 


ers 3 2 
G== 4" + digg Va + 2Ayg Ly Xy+ Ags Xp”, 


where K (25, %g)= go X_+ Ay Ly Ly +Agg%y2 is definite and has discrimi- 
nant 1. By Theorem 181, K(x2,+;) goes.into +?+-+52 by a suitable 


100 

transformation ey) of determinant 1 ; consequently (« t «) takes G into 
“4 Ovw 

42+ 4%? 43”. 


§2 
A Necessary Condition for Decomposability into Three Squares 
THEOREM 186: Jf n=2%,?+ 407+ 457, n>0, then n is not of the form 
42(8b+7), a=0, b=0. 


Proof: 1) n=8b+7 cannot be written as the sum of three squares, 
since every perfect square is =0, 1, or 4 mod 8. 

2) If the indecomposability of 4*(8b-++-7) has already been proved for 
some a0, then it follows for a+1. For from 


40+1 (864+ 7)=27,?+2,7+2," 
it would follow, because 
x,°+2,?+2,?=0 (mod 4), 


that +1, #2, and +; must be even. Consequently, we would have 


ecosne(y+(3)+(9) 
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§3 


The Necessary Condition is Sufficient 


THEOREM 187: If n>0 is not of the form 47(8b+7), a0, b=0, then 
n can be written as a sum of three squares. 

Proof: Without loss of generality, we may assume n to be odd (but 
=:7 (mod 8)) or else to be equal to twice an odd number. For from the 
decomposability of n, the same would follow for 4n, and if we divide out 4 as 
many times as we can from the given number , we obtain a number in one 
of the two forms indicated. 

Consequently, let 


n=1,2,3,5,or6 (mod8). 


By Theorem 185, it suffices to give, for n, a definite ternary form of dis- 
criminant 1 which represents n. By Theorem 182, we therefore have to 
specify nine numbers 44; @12, 1g, Qo) Beg, Aggy Vy) Lg, Lg Which satisfy 
the four conditions : 


a 2 2 2 
M= Oy Vy 2Ay 4 Ly Xo + 2A4g%y Lg + Ayg La" + 2 Gyg Ly Xz + Ags Ly”, 
ay1>9, 

2 
43 My9—Ay 9" > 0, 


Ay, Ay Ay 
Qyq Ag Os |= 1. 
1g Ag As33 


It will even do to take 


Gis 1, d,.=0, a,.—=n, v,=0, 2, —0, a1. 


The three remaining unknowns thus have to satisfy the three conditions 
(the first of the previous conditions is already taken care of) : 


a4,>9, 
b =] Fy.— Ah." > 0, - 


(In fact, we have 
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Ay Ayy 1 

| a 2 = 

| By Mgg O | = (441 Gy9—G, 9”) N—Ayg = bN—Ay9.) 
1 O0n 


Here, taking n>1 (which I may do, since n=1 is trivial), a,,;>0 is a 
consequence of the other two conditions; for it follows from them that 
Ay, >>b—1=>0, 
Qy1 Fyg =A, +b>0. 
We must therefore have 


b= 41 4,,—d,,">0, 
Ago => 6 n— th. 


Or, more simply (eliminating the three symbols a3, d22,@12): We must 
have b>0, and —b must be a quadratic residue mod bn—1. 


1) Let 
n=2 or 6 (mod 8). 


Then I shall even show: There is a prime 


(121) p=bn—1 
for which 
(ee =] 
Pp 


We have (4n, n—1)=1. By Dirichlet’s Theorem on Arithmetic Pro- 
gressions, there is a prime 


p=4nv+n—1=(4v+1)n—1. 


If we set 4v-+1=b, then we have b>0, (121) is satisfied and, since p=1 
(mod 4), it follows from Theorems 95 and 92 that 


G)-@)-C2)-@)= 


n=1, 3, or 5 (mod 8). 


2) Let 


I shall set c=1 if n==3 (mod 8), and c=3 if n=1 or 5 (mod 8). Then, in 
= is odd, so that (4n, on) =, By Dirichlet’s Theorem, 


it follows that there is a prime 


cn 
any case, 
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Eyal 
p=4nvt+ "= 5 ((8v+0) n—I). 
If we set 


8v+c=)b, 
then we have 
b>0, 2p=bn—1. 
We have 


b=3 (mod 8) and p=1 (mod 4) for n=1 (mod 8), 
b=1 (mod 8) and p=1 (mod 4) for n=3 (mod 8), 
b==3 (mod 8) and p=3 (mod 4) for n=5 (mod 8). 


In any case, therefore, 


and consequently, by Theorem 95, 
Ree als iGi Gers 
oes 


so that —b is a quadratic residue mod p. Since —b=1? (mod 2), it follows 
that —b is a quadratic residue mod 2), that is, mod bn—1. 


From Theorem 187 we obtain an additional proof of Lagrange’s Theorem, 
Theorem 169. By Theorem 187, any positive n=1 or 2 (mod 4) can be 
written as a sum of three squares; and consequently any positive n==3 
(mod 4) as a sum of four squares, by virtue of n=(n—1)+1?. Every 
positive n=0 (mod 4) is, however, of the form 4*(4b+r), r=1, 2, 3 and 
therefore, since 4*=(2)?, can be written as a sum of four squares. 


PART FOUR 


CLASS NUMBER OF BINARY QUADRATIC FORMS 


INTRODUCTION 


In this part I shall analyze the binary forms of the form ax2--bry-+cy?. 
(In the foregoing, because of the analogy with the case of r, rather than 2, 
variables, it was more convenient to take the middle coefficient to be even.) 
Here, the number d=b?—4ac is what will be called the discriminant. (This 
is customary with binary forms ; one should not be misled by the fact that 


for b even, the number aoe = Ace called the discriminant in the 


preceding part.) Even though our first investigation of equivalence can be 
carried over to the present part, I should nevertheless like to begin here 
anew and develop the various details afresh in order that Part Four be read- 
able independently of Part Three. 

In Chapter I, I shall begin with somewhat trivial considerations, which 
will show that only the case in which d is not a perfect square is of interest; 
in the other case, the form splits into the product of two linear forms. More- 
over, we of course have d=b?—4ac=0 or 1 (mod 4). Henceforth we shall 
always take d to be an arbitrary non-square number =0 or 1 (mod 4) ; then 
there will certainly be a form belonging to it, namely nf y* if d is even 
and a?-++-x2y— SS y? if d is odd. 

In Chapters II and III it will turn out that the number of classes into 
which the forms of discriminant d fall is finite; the determination of this 
number will immediately reduce to the problem of determining the number 
of so-called primitive classes, that is, the classes containing a form for which 
(a, b,c)=1 (or, equivalently, in which all the forms have this property) ; 
for d<0, the only case necessary will be that in which a>0 (for one, and 
therefore for every form of the class). 

The determination of the number /(d) of these primitive classes is the 
task of this fourth part. Here we must interject a few words on the meaning— 
or, rather, the lack of meaning—of this investigation. The moment the 
finiteness of the class number has been established, we will have the means 
at our disposal to calculate h(d) for all d—for d<0, I shall actually carry this 
out, and for d>0, I shall not, as being too lengthy and, besides, unnecessary 
for my purposes; so we shall indicate, using a goodly number of brackets and 
symbols such as T(a), how to express it explicitly by means of a formula. 
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If we did not know better, the problem of determining the class number would 
then already seem to be solved. But we can accomplish still more (unfor- 
tunately, or fortunately, depending on one’s point of view; I, personally, am 
happy about it, for the theory in this fourth part, for which we have Gauss 
and Dirichlet to thank, is one of the most beautiful in all of mathematics) ; 
namely, we can find certain simple expressions for h(d). This will come 
much later on. 

Here I would like to tell, but only in anticipation of what will be done 
later on, how the class number is most easily shown to be finite in the first 
place, how, in the case d<0, the class number is first “determined,” and how 
the final formula for it reads in the case d—=—p, where p>3. 

The proof of finiteness is obtained by singling out a certain finite number 
of forms—let us, for the moment, call them reduced—and showing that each 
class contains at least one of these forms (and then, the pigeon-hole prin- 
ciple!). A (primitive or imprimitive) form is called reduced if 


|>|S]a|SIel. 


It is easily shown that for any d there is only a finite number of such forms. 
Consequently the class number, and therefore in particular our h(d), is finite. 

In particular, we shall show that in the case d<O every class of forms 
having a>0 contains one and only one form for which 


(122) —a<b<a<c or 0<b<a=c. 


This “determines” the number of classes, and in particular it determines h(d), 
if of these forms we consider only the primitive ones. 

On the other hand, however, our lengthy main procedure will lead to the 
following final result for h(d), in the special case where d=—p<—3: 


p—l 
3 (£) for p=7 (mod 8), 
r=1 F 
(123) h= ey 
Va Bo 3 
3215) for p=3 (mod 8); 


thus h is the excess of the number of quadratic residues mod p between 0 and 


P 


9 over the number of quadratic non-residues in that interval, or else one third 
of this excess. 

Now I shall submit to the reader two problems of very elementary number 
theory that I cannot succeed in solving by taking a direct route, although the 


powerful analytic detours of Part Four of this book will implicitly yield a 
solution. 
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First: From (123) it follows, since h>0, that for every prime p=3 


(mod 4) there are more quadratic residues mod p between 0 and P than 


2 
between 5 and p; for there are indeed as many non-residues between 0 and 


Pp as there are residues between 2 and p, since = = — (5) for ptr. 
2 2 p p 


(For p=1 (mod 4), on the other hand, there are equally many quadratic 
residues in both halves of the interval 0<r<pf, since (2-*)_(£) for p}r. 
Pp Pp 


But no one has yet been able, using elementary methods, to prove this 
fact which, with the help of Theorem 79, can be expressed as follows: 


* 


—1\2 
For p=3 (mod 4), more of the numbers 1?, 2?,..., (a) have re- 
Pp Pp 


mainders mod # less than = than have remainders mod p greater than 2° 


2 

Second: For p=3 (mod 4) and p>3, it follows from what has been 
said (since obviously there are only primitive forms here) that the right-hand 
side of (123) equals the number of solutions of b?>—4ac—=— +> satisfying the 
additional condition (122). 

But no one has yet succeeded in proving this fact by use of elementary 
methods; and yet it is a statement that has nothing to do with either class 
numbers or quadratic forms. 

Naturally, the second statement contains the first. 

In Chapters IV and V, our longer route will next reduce the determina- 
tion of h(d) to the problem of finding the sum of the series 


#(2)1, 

n=1\N7N 

this is where the theorems of Part One, Chapter VI on the Kronecker symbol, 
and of Part One, Chapter VII, on Pell’s equation, will find application. 

Our main difficulties (involving the apparently trivial question of a sign) 
will then begin, and our most important tool in overcoming these difficulties 
will be the so-called theory of Gaussian sums, which will be introduced in 
Chapter Vi. 

Chapters VII-IX will then quickly bring us to our goal. 


COAL East 


FACTORABLE AND UNFACTORABLE FORMS 


DeFiNnITION 32: If a, b, and c are constants, then 
F=F (a, y)=az'?+bayt+cy’ 
is called a binary quadratic form, or here, for brevity, a form. It 1s written: 
F={a,b,c}. The discriminant of the form is the number d=b?—Aac. 
We always have 
d=0 or 1 (mod 4), 


and there is a form for every such d, and even one with a>0, namely, 
sit 
| 0; -3 and | 1,1, — es f respectively. 


We always have 


4a F—4a?a?+4abryt4acy?=(2ax+b y)?+(4ac—b*)y* 


(124) =(2ax2+by)?—d y’. 
THEOREM 188: If there exists a factorization 
(125) F=(ox+oy)(tx+vy) 
where 0, a, t, and v are rational, then there exists a factorization 
(126) F=(ra+sy)(tz+uy) 


(where 1, s, t, and u are integers). 
(This statement sounds quite harmless; at the bottom of it, however, 


lies a deep theorem of Gauss, which appears in Part Nine of Vorlesungen 
uber Zahlentheorie. ) 


Proof: There follows from (125) an equation 
(127) mP=(re+sy)(te+uy) 
in which m>0. Consequently there is an equation of the type (127) in which 
m>0 and (m,r,s)=1, since otherwise we would merely have to replace 
m r 
(m, 7, 8)’ (m, fr, 8) 
same reason, we may also assume that (m, t, v)=1. 


m, r,s by the numbers 


pang For the 


(m, 1, 8)” 
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From (127), with m>0, (m,r,s)=1, and (m, t,v)=1, however, it fol- 
lows that m=1, in other words (126). For otherwise there would be a prime 
plm. From 


ma=rt, mb=ru+st, mc=su 
it would then follow that 
plirt, p/ru+st, p/su; 
from p/rt it would follow that p/r or p/t; without loss of generality (sym- 
metry!) let p/r; then we would have p/st; from (m,r, s)=1 it would follow 


that p+s, so that p/t; from (m, t, ~)—=1 it would therefore follow that p}u. 
But p+s, pt+u, and p/su yield a contradiction. 


THEOREM 189: There exists a factorization of the form (126) tf and 
only if d 1s a perfect square. 


Proof: 1) From (126) it follows that 


a=rt, b=ru+st, c=su, 
d—b?*—4ac—(ru+st)*—4rstu=(ru—st)’. 


2) Let d=k?. Then it follows from (124) that 
4aF=(2ax+b y)—k?y?=(2a2+(b+k)y) (2ax+(b—h)y). 


21) If a0, then it follows from this that there exists a factorization of 
the form (125), and therefore, by Theorem 188, one of the form (126). 
22) If a=0, then we have at once 


F=y(ba+cy). 


CHA PEER SLL 


CLASSES OF FORMS 
From now on, throughout the rest of this book, let 
d be non-square, and =0 or 1 (mod 4). 


Consequently, for every form F having discriminant d, we certainly 


have a=-0 and c=-0. 


THEOREM 190: Jf d>0, then for suitable x and y, F represents both 
positive and negative numbers, if d<O and a>0, then F represents no negative 
numbers, and represents O only for x=y=—0; if d<O and a<0O, then F rep- 
resents no positive numbers, and represents 0 only for x=y=—0. 


Hence forms for which d>0 are called indefinite ; and those for which 
d<0 are called definite or—more precisely—positive definite and negative 
definite, as the case may be. 


Geometrically : If d>0 and k=0, then F=k is a hyperbola (if x and y 


are construed as any real (not necessarily integral) coordinates) ; if d>0, 
then F=0 is a pair of straight lines, namely the pair of asymptotes belonging 


to all hyperbolas F=Rk for k=0; if d<0, then F=k is an ellipse when ka>0, 


a so-called imaginary pair of lines when k=O, and a so-called imaginary 
ellipse when ka<0. 


Proof: 1) Let d>0. Then we have 
F(1,0)=a, F(b, —2a)—ab?—b-2ba+c-4a?=a (4ac—b*)——da; 
of these two numbers, certainly one is >0 and the other is <0. 


2) Let d<0; from (124) it follows that, except when +=y=0, we 
always have 


aF>0, 


that is, F has the same sign as a; indeed it follows from aFSX0 that 


2ax+by=0, y=0, 
and finally that 


z=0. 
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Since the negative-definite forms, when multiplied by —1, are trans- 
formed into positive-definite ones with the same discriminant, and vice versa, 
we shall only consider positive-definite forms in the case d<0. 


DEFINITION 33: F={a, b,c} is said to be equivalent to Gastar, Di, ci}; 
written 


F~G, 


tf there exist four integers, r, s, t, and u, for which ru—st=1, such that the 
equations 


(128) t=rX+s¥, y=txX+uY 
formally transform F(x, y) to G(X, VY). Wealso say: F goes into G under 
the transformation (Si) 

THEOREM 191: Jf F has discriminant d, then G also has discriminant d; 


moreover, if d<0O and a>0, then we also have a,>0. 
That is, if F is one of our allowable forms, then so is G. 


Proof: a(rX+sY)?+b(rX¥+sVY)¢X+uY)+c(tX+uY) 
=a,X?+b, XY+c,Y?, 
(129) a,=ar*+bri+ct, 
(130) b,=2ars+b (ru+st)+2ctu(=2ars+6(142st)+ 2ctu), 
(131) ¢;=as*+bsu-+cu’, 


b,?— 4a, ¢,=(2ars+b(ru+st)+2ctu)—4(ar?+bri+ct)(as*+bsuteu*) 
= a?(4r? 524 728%)4 b2(r2u2+ 2rstut+s*—4rstu)+o(4Pw— stu?) 
+4ab(r?sutrs*t—r?su—rs*t) +4ac(2rstu—r?u2—s?t?) 
+4bc(rtu?+s?u—rtu2—st? u)=(b?— 4ac) (ru—st)?=b’—4ac=d. 


(In proving the corresponding statement in Theorem 176, I reasoned some- 
what more elegantly.) 

Moreover, in case d<0 and a>0, we may let F represent a, by choosing 
4=r and y=t; consequently a,>0, since r=t=0 is not possible because of 
the relation ru—st=1. 


TuHeEorEMS 192-194: Reflexivity, symmetry, and transitivity of equiva- 
lence. 


Proof: 192) F~F; for F goes into F by G cy and we have 


10) __ 
tee 
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193) From F~G it follows that G~F; for the solution of (128) for 
X,Y yields (since ru—st=1) 


X=uxr—sy, Y=—ta+ry 
and we have 
u%—s 


feet id =—ru—st=1. 


194) From F~G and G~H it follows that F~H. For from (128), 
ru—st=1, and 
XA=r,¢+8,y, Yohe+uyy’, 1%4—st,=1, 
it follows that 


t=r(ry2'+sy)+s (2 +4, y)=(rryt st) 2’ +(rs,+su)y, 
y=t(rne+syy)tue’+uyy)=(tr, + ut) 2'+ (ts, +uu,)y; 
and we have 


rr, +st, 78,+8U, 
trytut, ts,tuy, 


The totality of forms with discriminant d (where, if d<0, we consider 
only the positive-definite ones) therefore fall into classes of equivalent forms. 


THEOREM 195: Equivalent forms represent the same numbers. 
Proof: By (128), it follows from k=G(X, Y) that 


k=F(rX+sY,tX+uY). 


CHAPTER III 


THE FINITENESS OF THE CLASS NUMBER 


Even though the finiteness of the class number will once again come out 
of what we do later on, we should like nonetheless to prove it beforehand as 
quickly as possible; in particular, for the case d<0, we establish a deeper 
result mentioned in the Introduction (the “determinability” of the class num- 
ber right off the bat). 


THEOREM 196: Every class contains a form for which 
(132) |b|<|a|<|cl. 


Proof: Let a form {d, by, ¢,} belonging to the class be fixed. Let a 
be the number smallest in absolute value other than 0, which is representable 
by {@p, 09, Cy}, or else one of the two such numbers having the smallest abso- 
lute value >0. Then we have 


a=ar+boritc, 


for suitable r and t. We certainly have (r, t)=1, for otherwise Be would 
y - 


already be representable and smaller in absolute value than a. We can there- 
fore find numbers s and u such that 


ru—st=1. 


By (129), Gs takes {@, bo; Cy} into {a, b’, c’}. The transformation i. 1) 


of determinant 1 (in which h is, for the moment, arbitrary) takes {a, b’, c’} 
into {a, b,c} by (129) and (130), where 


b=2ah-+0'. 
For suitable h it follows from this that 
|b|S|a|. 
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Since c--0 and since it can be represented by {a, b,c} (by setting +—0 and 
y=1), it follows from Theorem 195, because of the minimality of |a|, that 


Ja|SI¢|. 
THEOREM 197: The class number is finite. 
Proof: 1) For d>0 it follows from (132) that 
|ac|=b?=d+4ac>4ac. 


Hence we have 


ac<0, 
4a*<4|ac|=—4ac=d—b’<d, 
jaislé, 
Dee 


a and 6 thus have only a finite set of possible values, and therefore so does c. 
2) For d<0 it follows from (132), since a>0 and c>0, that 
[b| Saxe, 


4a?<4ac=—d+b?<|d|+a’, 
d 
|b|Sas es 
so that c, too, has only a finite number of possible values. 


THEOREM 198: For d<0O, the number of (positive-definite) classes of 
forms equals the number of solutions of 


(133) i—sac=d,| —a<bx<a<c 


on Oz b= 4c: 


Proof: We have merely to show that each class contains exactly one such 
form. 
1) By Theorem 196, each class contains at least one form for which 


—asSbSaXc. 
In order to remove the extra forms, those for which b=—a and a<c, or 
—aX=b<0 and a=c, it suffices to show that 
{@, —a, C} ~ {a, a, c} 
and 


{a, —b,a}~{a, b, a}. 


THEOREMS 197-198 Wie 


The former follows from the fact that bs 1) takes {a,—a,c} into the 
form a(X-+ Y)?—a(X+ Y) ¥+cY?=aX?+aXY+cY?. (Moreover, we 


even could have chosen the number 6 to lie in the interval —|a| <<bS|a| in the 
proof of Theorem 196.) 


The latter follows from the fact that the transformation( 0 ot deter- 


1 
—10 
minant 1 takes the form {a,—b, a} into 


aY*+bYX+aX*=aX"+bXY+aY?. 


2) The proof of the fact that every class contains at most one form of 
type (133) is not so simples If {a, b,c} and {a’, b’, c’} are two such forms, 
we have to show that a=a’, b=b’, and c=c’. 


Without loss of generality, let a’a. Let the transformation (7 A for 


which ru—st=1 take {a, b,c} into {a’, b’,c’}. Then, by (129) and (130), 
we have 


(134) a'=ar*+brt-+ci?, 
(135) b'=2ars+b (ru-+st)+ 2ctu. 
By (134), we have 

(136) a’ >ar’—a|rt|+at?’, 


so that (since r?+ ?22|rt| ) 

a=a'>a|rt\, 
and therefore 
(137) 1=|ré|. 


Now we have a=d’ ; for otherwise we would have rt=0, and it would 
follow (since r and t do not both vanish) that 


a>ad'=artcPlartatt ta. 


Now let c>a or c’><a’, and therefore (since a=a’), by symmetry, c>a. 
Then we have t=0; for otherwise (since ct? >at”) the sign > would hold in 
(136), and therefore also in (137) ; and we would have rt=0, r—0, and 


G=0l = 
In the case c>a we therefore have t=0 and ru=1, so that, by (135), 
b'=b (mod 2a); 


since 
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—a<b<a 
and 


—a=—a'<b'<a'=a, 
it follows that 
Dae, 
and, finally, that 


i 
Q 


In the case c=a and c’=a’, however, we have 


C=c,.0—a,, 
b=+0’, 
and, since 
b=0, b'=0, 
we therefore also have 
b=0'. 


DEFINITION 34: F={a, b,c} 1s called primitive if (a, b,c)=1; other- 
wise it 1s called imprimitwwe. 


THEOREM 199: If F~G, then if F is primitive so is G, and if F 1s im- 
primitive so ts G. 

Proof: From (129), (130), and (131), it follows that (a, b,c)/ 
(a1, 61, ¢1) ; by symmetry we also have (ay, bi, c)/(a, b,c), so that (a, b,c)= 
(a, bi, C1) 3 


The totality of classes of forms thus fall into classes of primitive forms 
and classes of imprimitive forms—for brevity, primitive and imprimitive 
classes. 


THEOREM 200: If F is imprimitive, so that (a,b,c)=g>1, then g2ld, 
and 1 Ls al 1s a primitive form of discriminant fa And conversely. 
( is necessarily >0 if a>0; and conversely. ) 

Proof: (: =| eS BACT: 

g g9 9 g 
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We thus obtain all of the classes having discriminant d from all of the 
primitive classes having discriminants of the form a where g>0 and g?/d, 


by multiplying each class by g. Thus, if we had not yet proved the finiteness 
of the class number, it would nevertheless follow from the fact that, in the 
sequel, the finiteness of the number h(d) of primitive classes will be proved 
once again. The number of (primitive and imprimitive) classes for any d 


is exactly 
Saal: 
gia ‘9 
g>0 


In any case it suffices, from now on, to consider only primitive forms. 
Consequently, we shall henceforth take 


d non-square and =0 or 1 (mod 4), 
b*— 4ac=d, (a, b,c)=1, 


in case d<0; we shall, in addition, take a>0. 


CHA POE Ra LY 


PRIMARY REPRESENTATIONS BY FORMS 


DEFINITION 35: Let ka-0. Then 
F(z, y)=k 
is said to be a proper representation of k by the form F if (x, y)=1; an m- 


proper representation if (x, y)>1. 


TuHeorEM 201: Let k>0, and let F(x, y)=k be a proper representation. 
Then r, s, and | may be chosen in exactly one way so that 


oN ah eas 
(138) ys) =) 
(139) 12=d (mod 4k), 0<1<2k, 


and so that F goes into {k,1, m} by the transformation G 3)? where m 1s the 


number which, in accordance with (139), is determined by 
P—4km=d. 

(We already know, by virtue of (129) and Theorem 191, that the first 
coefficient of the new form is independent of the choice of r and s satisfying 
(138), and that the second coefficient, namely /, satisfies the congruence in 
(139). The theorem therefore is that for exactly one choice of r and s satis- 
fying (138), will the second coefficient belong to the interval OS/<2k. The 
point is that with each proper representation of k there is associated a well- 
determined number / belonging to the interval OS/< 2h.) 


Proof: By Theorem 68, all the solutions of (138) are of the form 
r=r,tha, s=s thy, 

where fo, So is any solution and h is arbitrary. 

Let F={a, b,c}; if {k, l,m} represents the new form, then it follows 
from (130) that 

l=2axr+b(us+yr)+2cys 
=2axrr,+b(xst+yr)+2cys,th(2ax2+baytbyax + 2cy*)=—1,4 2hk; 
hence for exactly one h we have 0S/<2k ; from ?—4km=d it follows, finally, 
that 
?==d (mod 4k). 
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A transformation may take F into F; c d and aa: ny for example, 


certainly do this. The solution to the problem of finding all such transforma- 
tions is given by 
THEOREM 202: All transformations of F={a, bc} into itself are given 


by the formula 
t—bu 
9 , =——COU 
t+bu 
Ce as 


(140) ( 


where t, u 1s an arbitrary solution of Pell’s Equation, 


Remarks: 1) cre and fie 


(mod 2) ) we have, by (141), 


are clearly integers. For (since b=d 


ttbu=t+du=?—dw=4=0 (mod 2). 


2) The determinant of the transformation (140) is clearly 1; for by 
(141) we have 


t—bu t+bu ,  ?—b?u* » ?—(b—4ac)hu? du? _ 
9 5 NAS as aay eo re +acu*= m = 4 =1. 


3) The trivial solutions t=-F2, u=O0 of equation (141) (we know that 
no others exist for d<—4) yield the above-mentioned transformations a i 


and erser) : 
Proof: 1) In order to show that (140) takes F into itself, it suffices 


to show that the first two coefficients are left unaltered. Indeed, by (129) 
and (130), the first two new coefficients are 


— 2 — 
a,=a (ee +6 eave autca yu? 


2 
a tu uv? tu a Teer aay ed 2) 
=a7 —ab— +ab?—- +ab-> —ab 9 ta Cu 4 ( ( ac)u )=a, 
ke t+bu 
sare ot eutb(l—2acu’)+2cau = 


——actutabcu?+b—2abcu?+actu+abew=b. 
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2) In order to show that every transformation (ch) (satisfying 


rm—sm=1) which takes F into F is of the form (140), I begin by observing 

that, by virtue of (129) and (130), 

(142) a=ar?+brm+em’, 
b=2ars+b(1+2sm)+2cmn ; 


hence we have 


(143) 0=—ars+bsm+cmn. 


From (142) and (143) we now eliminate b, on the one hand, and c, on 
the other. This gives, on the one hand, 


(144) as=csm’*—crmn=cm(sm—rn)=—cm, 


and on the other hand, 
an=ar'n+brmn—arsm—bsm?=ar+bm, 

(145) a(n—r)=bm. 

From (144) and (145) it follows that 

al/om, a/bm; 
since (a, b,c)=1 (we now—finally—make use of the assumption of primi- 
tivity), it follows that 
a/m, 
M=AU. 


We therefore have, from (144) and (145), that 
=—cu, n—r=bu. 
Furthermore, it follows that 
(n+r)’=(n—r)?+4n7=b? u?+4(1+s8m)=b?u2+ 4(1—acu*)=du2-+ 4, 


and therefore, if we set 
UPr=t, 
that 
(141) P—dut=4, 
_t—bu t+ bu 


gy ne 
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DEFINITION 36: A representation of k>0 by F={a, b,c}, where a>O0, 
is called primary: 
if d<O, in every case; 
if d>0, provided that 
—2ax+(b+ Vd)y ee 


146 2 —Ya 
(146) ax+(b—d)y>0, Get ZV y , 


where € is defined as in Theorem 111. 


(Namely 
» — to Uy | d 
2 : 


where fo, u is the smallest positive solution of (141); we had e>1, and all 
the solutions of (141) were given by 


aud =e.) 


To orient the reader: 1) If we set 
2az+(b+ Vd)y=L, 2ax+(b—Vd)y=L 


(the bar has nothing to do with the usual notation for the conjugate of a com- 
plex number), then (146) reads 


(147) L>0, les <e?: 


we therefore have 
E2hSe: 
2) Ifa representation of k by {a,b,c} is improper and primary, and if 
we set (+, y)=g, then de has a proper and primary representation by {a, b, c}, 
using 2 4 in place of x, y; also conversely. In fact, the inequalities in 


(146) admit a positive proportionality factor in + and y. It follows that 
there are exactly as many primary representations by F for any k>0 (assum- 
ing finiteness has been proved; it will come out of Theorem 203) as there 


are proper primary ones by F for a where g>0 and g?/k. 
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Tueorem 203: Let k>O be properly representable by F={a, }, hy 
where a>O (I require this even if d>0). Then for every | such that 


(139) 2=d (mod 4k), 0<1<2k, 


which corresponds, in the sense of Theorem 201, to at least one such repre- 
sentation, there exist exactly two such representations if d<—4, exactly four 
if d=—4, and exactly six if d——3; if d>0, then there is exactly one primary 
representation of this kind. 


If we set 
1 for d>0, 
2 for d<—4, 
Wb 
4 for d=—4, 
6 for d=—3 


for the rest of Part Four (we know from Part One, Chapter VII that if 
d<0O this w represents the number of solutions of equation (141) ), then we 
may express this uniformly: For each such | there are exactly w proper 
primary representations of k. 


Remark: Since there are only a finite number of / to begin with, it fol- 
lows that in all cases the number of primary representations of k by F is finite. 


Proof: Since ?==d (mod 4k), it follows that there is exactly one m for 
which 


P—4km=d, 


and we shall assume that F=—{a, b,c} goes into G={k, 1, m} under at least 
one transformation & Oy We wish to find all such transformations (g ff 
YoSo y 8 
and to show that the first column x, y of this matrix represents exactly w 
pairs of values—unconditionally, if d<0, and provided the additional condi- 
tions (146) are satisfied, if d>0. 

Let a be any transformation that takes F into F. (We are ac- 
quainted with all such transformations, by virtue of Theorem 202; but this 
theorem will not be applied until afterwards.) I shall first show that the 


most general matrix ei A) is given by 


(148) fe lene ee pean 
ys Yi Lo+S$1 Yo, Yirots18o/. 
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(In order to avoid matrix calculations, I shall take considerable pains with 
my choice of notation. ) 

Indeed: 1) The right side of (148) takes F into G; for by the formulas 
in the proof of Theorem 194, it yields the same as what we get by first trans- 
forming F by & (2) —this gives F—and then transforming the result (namely 

Xo % °) se 
F )by Ge 8 this gives G. 

2) lek y ‘) take F into G. By the formulas in the proof of Theorem 

89 —To 


193, G goes into F by means of ( 
* —Yo % 


). Consequently, the transfor- 


mation - 


(oe Yo —*trotr ze 
YSo—S Yo. —YTo+S Xo 


takes F into F, via G. If we set it equal to ts a: that is, if we set 
X= LSy—L Yo, Tr=— Lt XL, Yi=YS8o—SYo, $1=— YTo+$ Xo , 
then we do in fact have 
%y Lor Yo=HX, MTT M8=", YiXo+ S81 YoHY, YiTots1so=s. 
If we take into account the form, given to us by Theorem 202, of all of 


the matrices ( a then we see that our general + and y are given by the 


1 $1 
formulas 
t—bu 
te y Lo—CUYoy 
(149) Shu 
Y=AUXy + 5) Yo: 


where tf, u is any solution of (141). Distinct pairs t, uw correspond to distinct 
pairs x, y; for the determinant of the coefficients of t and u on the right-hand 


side of (149) is 
1 |x, —(b%+2cyo)|__ : eae et tee 
4\yo, 2aa%+by! 4  (2azty +b tq Yo tb Xo Yot2C Yo oat 


For d<0, everything has been taken care of. 
For d>0, I have to show that for exactly one admissible pair of values 
t, u, that is, for exactly one sign and one accompanying in the formula 


buy os 
g = 
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the inequalities 
i. L 
(147) L>90, ls7<e 
hold; here x and y are defined as in (149). 
By (149), we have 


4axc+2(b+ Vd) y=2a(t—bu) %—4acuyy + 2abuay+(t+bu)by 
+ Vd(2auway+(t+6 u) yo) 
—t(2aay-+b yo) tduyo t+ Vd(2aurtbuyott yo) 
=(2a%)+(b+ /d)y)t-+uJd), 
ano 


2ax%+(b + Vd) y=(2a%+ (b+ Yd) yo 


so that if we set 


Ly=2ax%)+(b+\d)yo, 


we have 


L= ste [yg 


From the fact that L>0, it now follows that the sign on the right must 
be that of Ly. (ZL, does not vanish; for otherwise we would have 2a17,+) yo= 
yo-—0, and therefore +,>—y o—0.) We therefore have to show that in the 
formula 

=|Lole", 
there is exactly one choice of u for which (147) will hold. 
We first note that, by (124), 


4ak=(2ax+(b+ Vd)y)(2ax+(b—YVd)y)=LL, 


so that, since L>0, eo ipso T=" 0, By virtue of the fact that 


LL? _|Ly|2e 
TL tak 4ak ” 
it follows that we need precisely 


this coincides with 


and the latter clearly has exactly one solution n, since the interval runs pre- 
cisely from a number & (inclusive) to €e (exclusive), where €>0. 
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DEFINITION 37: A representative system of the (primitive) classes of 
forms (where, if d<0, we take a>0) shall mean a set of representatives, one 
from each class, having a>0. 

Such a representative, having a>0, certainly exists in the case d>O, 
for every form represents a positive number, and therefore represents some 
particular positive number properly, and is therefore equivalent to a form 
having this number as its first coefficient. 


THEOREM 204: Let k>0, and let (k,d)=1. Then the number w(k) 
of primary representations of k by all the forms belonging to a representative 
system 1s finite, and its value is given by 


ALN i) 


> 


(Kronecker symbol!). 


Proof: We first consider the proper primary representations. By the 
Remark in Theorem 97, the conditions 


(139) 2=d (mod 4k), 0<1<2k 


2(9) 


solutions, where f runs through all the square-free positive divisors of k. 
(Here the condition (k, d)=1 was made use of.) For every such /, the form 
{k, l,m}, where m is determined from /?—4km=d, is equivalent to exactly 
one form of the representative system. By means of this form, we obtain 
by Theorem 203 exactly w proper primary representations belonging to /. 
The number of proper primary representations of k by forms belonging to the 
representative system is therefore 


d 
we () ; 
ik \f 
By the second of the two remarks that precede Theorem 203, it follows that 


the number of primary representations of k by forms belonging to the repre- 
sentative system is 


have exactly 


rang 2) 
gJ>0 “I gi 


(since (k,d)=1, we indeed have (=, a) =1 if g?/k). It follows from 
Theorem 96, since (g?, d)=1, that 
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vaj=wz 2 (F)—w2(7); 


g>0 Sw 
for every n>O can be uniquely written in the form fg”, where f is square-free 


and g>0; and then n/k implies g?/k, flea and conversely. 


THEOREM 205: If, for t>1, we set 
H(t)= 2 y(h), 


1skst 

(k,d)=1 
(the number of primary representations, by forms belonging to the repre- 
sentative system, of all of the natural numbers up to t that are relatively 


prime to d), then 


exists, and we have 


lim = WwW 
T=00 |d| n=1 


HG) eda) 3(2)} 
nN 


Remark: By Theorem 141, this series 


co 
ED 
n=1\N7 
certainly converges, since i) is a character of the second kind mod |d|, 


according to the closing remark of Part Two, Chap. III, §2. From now on 
its sum will be denoted by K=K(d). 


Two Proofs: 1) By Theorem 204, we have 


HG)” B(a) = 
=o nlk ie 2 


(k, @)=1 


this follows from the fact that, if n/k and n>0, we have 


G) for (k,d)=1, 
G)(= Se for (k,d)>1, 
for in the former case e a) =1 and in the latter case either (n,d)>1 or 


@ a)>1. 
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Consequently, if it is tacitly understood in the following formulas that 


n=1 and m=1, we have 
=) _ (S)(< i 
mmMsSt 


so that (and the reader should draw a figure for this similar to the one he 
drew for the Proof of Theorem 152; here, in the (n,m)-plane he should 
draw the curvilinear triangle bounded by the positive branch of the hyperbola 
nm=t and the lines n=1 and m=1, and in addition he should draw the line 


n=v\/t. Arithmetically : if mmS<t, then either n/t, so that we have mS <; 
or else n> \/T, so that we have m<JT, |t<n<") 
2 2 A 
(150) ERD Oy Ealniz (2) 4b oa) z 2) 
w n m —\m a\n 


n<Vr Sead ms<Vt Vz <ns— 
=n m 


Now, for €>0, 


msé <M 
is the number of positive integers up to & that are relatively prime to d, that 
is, the number of positive integers <é belonging to a certain collection of 
g(|d|) residue classes mod |d}. Consequently, by Theorem 118, we have 


d\?_ v(\d)) 
151 3 (<) — El <(\d)<ldl. 
(181) = (S) ete <ecaps| 
It follows further, by Theorem 139, for 1Sé<7, that 
a |x (2) < 20a) <a} 
E<nsn 


From (150), (151), and (152), we obtain 


O_o 5) 


(2 (2) ela ® aN 
=|g (SS a a Fe) 2) 


E|d|+ EZ |d|<2|a|ye, 


nsVt m<\Vr 
rae wid ne (4) ee 
14 


TE \r 


(153) 
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from which, by virtue of the convergence of the series 


3 (£\- = K@, 


n=1 


our conclusion, namely 


tim 2) 24D egy, 
en id 
follows. 
2) Various ideas in the first proof will be useful to us for other purposes. 
If our goal is merely Theorem 205, then we can reach it more quickly, albeit 
somewhat more forcibly, in the following way. 


By Theorem 204, we have 


(154) oe Lise (ee d, n) 


Tt T iskst nik <1 n= T 
(k, dy=1 


eae z 
where A(t;d,n) represents the number of positive integers up to — that 
n 


are relatively prime to d. It is clear that 


(155) A (ct; d, m) _ i 
ze eee? 
and that, for fixed n, 
(156) ing Lee Cap ey 
= Tt ld] n° 


By (155), Theorem 139, and Theorem 140, it follows that 
a nes ee d, n) ie ld] 
for v=u=—l, since fn d,n) does not increase for increasing n, and there- 


fore that the series on the right-hand side of (154) is uniformly convergent 
fort>1. Therefore, by (156), the conclusion follows. 


CHAPTER V 


REPRESENTATIONS OF h(d) IN TERMS OF K(d) 
We should now like to investigate 


H(,F)= 2 y(k,F) (t>1), 
be 1SksSt 
(k, d)=1 
where w(k, F’) is the number of primary representations of k by a fixed form 
F of the representative system; we ask whether—analogously to Theorem 


205— 


(157) lim ZAG Tt) 
T=CO Tt 
exists. We shall find that: 
1) It does. 
2) The limit is independent of F; thus it depends only on d. 
3 elt ise>0. 


4) It can be written explicitly. 
If, for the moment, we denote it by M(d), then the following is a consequence 
of what has just been stated. 

If Fy,F2,...,F,, are representatives of a finite number of distinct classes 
(we behave as though we did not already know the class number to be finite), 
then we clearly have 


Io 
3H («, F,)<H (2), 
n=1 


so that, by Theorem 205, 


ho 
Hq ean eee) eH Cao (al) 


ema caer as id| 


hy, M(d)= 2 him K(d). 


n=1 T=0O 


Consequently, i) is bounded, so that the class number is finite. Call it 
h=h(d). Now, if F, runs over the entire representative system, we have 


SH (x, Fy) =H (2), 
and therefore iz 
(158) h(d) M(d)=w oe K(d. 
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This is precisely the goal of this chapter. The class number will once 
more be “determined” ; to be sure, the heralded proof of our assertion regard- 
ing the limit in (157) will be somewhat tedious. 

But (158) is far from being our final formula; for we shall manage to 
express the series 

co 
K(@)= 5 (2) = 


n=1 nN n 
in closed form. This, however, will take three full chapters more! 


TueEorREM 206: If x and y each run through a complete set of residues 
mod |d|, then exactly |d|p(|d|) of the d? numbers F(x, y) which result are 
relatively prime to d. 

Remark: That the number is independent of the choice of the sets of 
residues is clear to begin with; for from r==2’ and y=y’, it follows that 
F(x, y)=F (2,9). 

Proof: It suffices to show, for p!/d, />0, that if x and y each run through 
a complete set of residues mod p/, then p+F(x, y) exactly p! y(p!) times. 
For if the canonical decomposition of |d| is |d|= uf Pp then, since (F, d)=1 

[|d 


p 
is equivalent to p+F for all p/|d|, by Theorem 71 there are exactly 
Le Pp (p')=|d|  (|d)) pairs of classes x=, (mod |d|), y==yo (mod |d]). 
/\@ 


Since (a, b,c)=1 and b?4ac=d, we cannot have both pla and plc if 
p/d. Without loss of generality, let p+a. (For, a>0 is not used in the fol- 
lowing proof.) 

1) Let p>2. Then, since (p,4a)=1, it depends precisely on 4aF= 
(2ax-+by)*—dy? not being divisible by /, that is, since p/d, on 


2ax+by==0 (mod p). 


For each of our p! values of y, since p + 2a, all of the x belonging to a certain 
set of p—I1 residue classes mod p have this property, that is, exactly 


Pp (p—1)=¢ (p+) 
of our x. 
2) Let p=2, so that 2/d and 2/b. The condition 


ax*+bxy+cy?=1 (mod 2) 
implies that 
“+cy=1 (mod 2), 


For each of our 2! values of y, all of the x belonging to one residue class mod 2 
have this property, that is, exactly 2-1— (2!) of our x. 
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THEOREM 207: Let m>0. Suppose given an ellipse or a sector of an 
hyperbola (the curvilinear triangle bounded by an are of the hyperbola and 
two rays drawn from its endpoints to the center of the hyperbola) ; let I be 
its area. Suppose the figure stretched by an amount \/t, t>0 (that is, sup- 
pose we consider the set of points &\/t, 7\/t instead of the original set of 
points €,7). Let U(t) denote the number of points with integral coordi- 
nates (so-called lattice points) within the extended figure (with each boundary 
point either counted or not, as we please) which satisfy the additional con- 
ditions : 


x=, (mod m), y=y, (mod m). 


Then we have 


Proof: In the plane of the original figure, let us lay out two mutually 
perpendicular systems of parallel lines, spaced units apart, around the 


Ve 
point = ay = Yo; that is, let us draw all of the lines 


Let W(t) be the number of squares in this net which are contained in the 
ellipse or in the sector of the hyperbola, as the case may be; a square only 
part of which is contained in the figure should be counted if and only if its 
“southwestern” corner (that is, the corner in which both € and y are minimal) 
is counted in the corresponding stretched-out figure. Then we clearly have 


U (t)= W(t). 


2 . 
Since is the area of each square of our net, it follows from the basic 
tT 


theorems of integral calculus that 


era er) 


which proves our theorem. 
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TuroreM 208: The following formulas hold for the function H(t, F), 
defined above: 


oe 9(\d/) or d<0 
er) _} Vial lal mo 


EA edn log e (dd) Fopaeais 


Vd d 


where & is defined as in Theorem 111. 


Proof: By Theorem 206, it is sufficient to prove that the number of 
solutions, U (t) =U (1, FP, xonVo) Ot 


0<F (a, y)St, r=, (mod |d)), y=y (mod |d)), 


which, in case d>0, also satisfy conditions (146), has the property that 


27 
for d<0, 
a 
lim 2 = Vial ; 
Ces 7 =z for d>0. 


(F(x, y)=0 is allowed, since this equation can only be satisfied by x=y=0, 
because of the irrationality of \/d.) 
1) Let d<0. By Theorem 207, we need only note that the ellipse 


af+bénter?<l 
27 
Vid 
reader certainly knows this. 


2) Letd>0. By Theorem 207, it suffices to prove, using the abbrevia- 
tions 


The 


(from which, after stretching, we obtain F(x, y)<t) has area 


A=2a&+(b+ Vd)n, A=2aE+(b—Ya)n, 


that the hyperbola sector . 


(159) a&+bén+cr?<1, ADO, 1st <e 
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log « 
Va 


follows from af*+béntont= 4 and A>A>0.) (159) is a sector 
a 


has area 


(The condition 0<aé?+-b&n-+cn* may be omitted, since it 


of an hyperbola; for (please draw this!) the asymptotes of the hyperbola 
A = 

ag*@+bénton?= oe =1 are the lines 4—0Q and A=0, so that the half- 

rays A=A>0 (this is, incidentally, the positive &-axis) and A=e2A>0 


intersect the same branch of the hyperbola (within the region A>0, A> 0). 
The area of the hyperbola sector (159) is 


P 


I=[[dédn 


= = A 
over the region AA<4a, A>0, 1< 7 <e* Let 


ee 2a, b+Vd 


Sh 1S 8) 
Q 
ib) 
3 
= 
= 


ib) 
Wr 
ib) 

3 


we have 
= 7 /[aeds 


over the hyperbola sector go<1, c=0, c<e<e?’o (please draw a new dia- 
gram; or else use the old one in case the hyperbola originally drawn hap- 


we 
pened to be an equilateral one) having the vertices 0, 0; or. ely le Onse: 


quently, we have 


em ne ea) ‘ 
JdI=f[de | "dom [ite [do+fae[de 
Yee gf ' 8 
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ae K(d) for d<0, 
h(d) = 


Va K(d) for d>0. 


log € 


Proof: It follows from Theorem 205 and Theorem 208 (cf. 158) ) that 


1 old) _, vial <0, 
MO oe af Wyatt [@ Wacaae | @]ee Hey 


Now we may forget completely the meaning of h, as well as the quadratic 
forms, and we have merely (merely!) to find the sum of the series 


xw-2 (2)! 


CHAPTER VI 


GAUSSIAN SUMS 


I shall assume that the reader is familiar with the following theorem from 


the classical theory of Fourier series: 
- 


THEOREM 210: Let f(&) be defined for OS&S1 (as a real or a com- 
plex function; the case in which f(&) is complex follows immediately from 
the real case) ; moreover, let f(€) be continuous and let f’(&) also exist and 
be continuous. If we set 


o=2/f(n) cos 2xhy dn, pu=2 f(n) sin 2ahn dn, 


then we have 
(May (Ee Wee ce 


st > (e008 2ahE-+Pysin 2xhé) = Oey pee, 


In particular, therefore (since a_,—a;, and B_,=—,,), we have 
N N 
LO) ee =2+2 ai ae Wiis Ss) (apt Bid 
2 2 N=co h=—N 2 N=co h=—N 
(160) ane e f(nje "dn. 
N=co h=—N 


THEOREM 211: Let n>0. Then 
(1+1))/n for n=0 


n—1 pi = 
call 1 Me W e pry 
s=0 0 for n=2 

i\n for n=3 


Remark: There are proofs that are more elementary (cf. the Appendix 
to this chapter) ; the reader cannot, however, become accustomed early enough 
to the use of analysis; moreover, the following proof (using 160) ) is the 
shortest of the many proofs of this theorem, which was one of Gauss’s greatest 
discoveries. All that is required, incidentally, for the determination of the 
class number, is the special case of Theorem 211 in which n=p>2, which 
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will lead directly to Theorem 212. Nevertheless, I should not like to prove 
the formula 


for prime numbers only, since it follows for all positive odd numbers with 
just as little trouble, or rather (today!) with just as much ease. 


Proof: Since 


it follows that 


are py Ay ata 
srs "a "le "aig n 
6=0 s=0 
By (160), with 
(s+&)* 
2 7 ¢-———_— 
t(é)=e . =/,(), 
we have 
n—1 amie n—! ft (0) 1) = y See 
53 gs (AU na ig rea poe) 
s=0 6=0 8=0 N=co h=—N 
0 
N n— : t (s+n)? 
= lim J > oni n +1) ay 
N=co h=—N s=0 
++ ae 
itp won. Se on Grm), 
N=oco h=—N 5=0 ut 
ny Pees (e 1 
(16) a ime ent) a, Ee ee H ean ae 


N= =— 
oy N=00 h=—N 6 


(setting n=né). 
Now it is well known that 


y = ferme dé 


converges ; it is not necessary for us to know the value of y, since it will come 
out of what follows. Hence, if we set &=./nn, we have, on the one hand 
4 ? 
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Yo f rintan— BS fenintdn— HF fganin 
Lap eztinn® n= x e2tinn ne + 2min(E+k)? 
\n —oo ee. cok a 


co 2min(E-LanE 
k=—0Oo 6 
and on the other hand, 
y aa gminn? > amin(eE+e— ap 
— = I dn zs ye dé 


Se) in eae) in a 
_ $ fia >) ee (P+ 2k—-1)8) 7 ¢ 


k=—co 0 


1 
tae > hr teG eee y F 
k=—©O 9 
(since 
win 
exing—2)* eniae—it++) — 
e =e 4° =e” 1"), 


Hence, because of (161), we have 


es +: ay el 
= (iti) = 2 / ermin(E+2ke) qe 1 oy il e2rin(S+(2k-1)5) 7 & 
00.4 


k= k=—co 0 


be ss fee 2in (E+n &) dé= Lee 
h=-CO 9 nN s=0 
(162) ie Oe acc ese epee 
s=0 
The absolute constant y is determined by setting n=1 in (162): 
l=y (1—4), 

pope Lee? 
I 


It therefore follows from (162) that 
mo eni®  4-—(1-+4) (1+s 
Be 


and in this formula we have 


1+72 for n=0 
(1+) (1+7-) | 1 for n=1 
2 ~ ) @ for n=2 nee 


4 for n=90 
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THEOREM 212: 
(a) —_ Vp for p=1 (mod 4), 
p)° \i Vp for p=3 (mod 4). 


r=1 
Remark: Except for sign, this is quite easily proven (only after years 
of effort did Gauss succeed in determining the sign). 
Namely, if we set 


aes Dr 
CL ; pay (=) yl 
Q p @ 


for the sake of abbreviation, then (since (*) and 9” have period p for ptr) 
Pp 


we have 
1=2(2) . 
r \p e 


the sum being taken over a reduced set of residues; hence, if s also runs 
through such a set, we have 


w= (Z) 0 Z(=) 03 


rt also runs through a reduced set of residues when ¢ does; hence we have 


r \p t r,t \P 


Pp t=1 \P7 sai 
p—l t p—1 
=E (£)'5 potor, 
t=1 \P7 r=0 
since 
p-1/}4 
z(f)-0 
t=1 \)p 
(by Theorem 79). Now we have 
a for t=p—1 
"ES ofttor — epee pera 4 
r=0 ae = for l<t<p—?2; 


it follows that 


4 16 Vp_ for p=1 (mod 4), 
+i)/p for p=3 (mod 4). 


These remarks, incidentally, are not made use of in the following com- 
plete proof of Theorem 212. 
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Proof: If a runs over the quadratic residues and b over the quadratic 
non-residues mod ? in the interval 0<%<p, then we have 
P—1/(» ay, 
AE (Ter — Ser—Zoh, 
r=1 \P a b 


On the other hand, we have 


so that 
A=2'0° +14 LX 0°=1+4 2 J'o*. 
a a a 
: —1\? 
By Theorem 79, the a coincide with the remainders of 17, 2?,..., eS 


upon division by p. The remainders of s?, for 1Ss=p—l, therefore yield 
each of the a exactly twice. Consequently, by Theorem 211, 


ee Vp for p=1 (mod 4) 
viz | OM ip OF he Pp Pp ’ 
e ae sar ne for p=3 (mod 4). 


APPENDIX 


INTRODUCTION 


Because of the importance of Theorem 211, I should now like to present 
three more proofs, at least for odd n, which are quite different from the above 
and from each other. 

The first, due to Kronecker, makes use of complex function theory, in 
particular of Cauchy’s Theorem ; it also yields a proof, incidentally, for even n. 

The second proof is due to I. Schur and makes use of matrix algebra. 

The third proof is due to Mertens, and its calculations involve only 
(though extensively) finite trigonometric sums. 

Incidentally, Theorem 211 is trivial for n==2 (mod 4) ; for then we have 


tent 
5 4 
274 ae 
=—=(6 a) ——C “é —=——é We ) 


so that the terms in the sum cancel each other out in pairs. 

The case n=0 (mod 4) could be reduced to the case 4m in an elemen- 
tary manner ; but I shall omit the lengthy proof of this statement since, in any 
case, it is only Theorem 212, that is, Theorem 211 for odd (and indeed prime) 
n which is later made use of. 
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§1 
Kronecker’s Proof 


1 
Let n>0. For 0<e<—, w>1, let us consider the integral 


which is taken in the positivé direction around the rectangle with vertices 
ka, F toi in which—in order to avoid the points 0 (a pole of the in- 
tegrand) and ~ we pole, in case m is even)—semicircular ee aey have 
been made, the a ae Se, being of radius @ with centers at 0 and — @ » Tespec- 


tively. The Pag is regular along this path, and inside the path has the 


—1 
poles s, where 1 <sx" oe (For n=1 or 2 there are no poles at all inside. ) 
I is therefore independent of @ and m (that is, it depends only on n) ; since 
24 


2 


the residue of the integrand at s is clearly aye ae * | it follows from 


Cauchy’s Theorem that 


27% 2704 
8 ieee! 8? 
Teer OX oto a ee , 
2 gai 


n—1 
1isss—— 
nee tage) 


where the symbol 2’ indicates that if n is even, then the term for which s=o 


(which would, incidentally, be 7) is omitted from the sum. 
The sum of the integrals over both of the straight-line segments of the 


ee on the left é=17, o=ynZe and &=—1n, ena, is 
2 
@ ae pees ean 1 
jan=—i fe P| ae dn 
[inet ye erm] e?™_] 
g 
o 2a 
=-ife rd 3 

@ 
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as woo, this expression approaches 


Sree le 
— ife » "an 


(since, as is well known, this integral converges). 


Since 
DOC Nn ee 2 2704 /n? — 2 mt 2 
e* (+ ++) Bre re) net ?mn ee 
and 
ani (+ Fin) 
3 
é e(=1'e -% 


the sum of the integrals over both of the straight boundary segments 


nm .« ‘ 
f= 5 —™ @=>n=o and = a bin, e<7n=<o on the right is 


e eaield, 2 @ bd 2 
: e2™Ne n ie 6a" fo ml! 
—yltn Ste cee a ek: ” dn 
1—(—1)"e?"” 1— (—1)"e?”7 
@ 
& 


@ 27% 2 207 
Laer e (mre iy [eeeeneee esas erry 
i 1 \np2%N 297) ef le 7] 
: (—1)"e é (—1) 


BLO. no 2% 
mitte(—iyfeo (—1)"e?”” i 1 a 
1—(—1yre2™2 | (—1)re2*2_1 


@ 


@ @ 


274 me 
sons memes. 978 


=—ite(—1y fe ™ "dg =—i(—ir[e »” dn; 


& oO 
as woo, this expression approaches 


The integrals over the horizontal segments of the boundary approach 


vee a 2 
0 as wo ; since for = t+wi, 3 =t20 we have 
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oe tes _ 4£mT@ 40TW 
Ca ro us EG: 
é 1 e2ris Paley eke jee on’ 
so that 
27% ad 
ot ax 
en = il _ To 1 co _ 4"Tw 
= Chee Sldy n 
1 e2mis | ee ee LG = —e@—2n © dt 
F408 
1 il co 470% 
— a n 
ine = @ e dx, 
a 0 
nN 
and for =t—ai, 0<t=< 3 We have 
27t ; 4UTW 
(2 n g e n 


so that 
ga aw | s 40TW 40T = 
Cue 1 3 1 ONS 
i: ie gat t| 5 axa fe Le gee ao | 
—Wt 
= 1 n (Cauda Ne n 
— g@xo__1 4nw ~ 4700 
We therefore have 
1*-1 dsl de oe Be 
sz e* =i +(—iy) | ¢ regina ee 
s= 
¢Y 


where J, and J, denote the integrals over the semicircles around 0 and > 
respectively. 
We now consider the limit as a0. We have 


“ami, = aaiyg 
e * dy>ale * dyn; 
Q 0 
furthermore, if f(&) has a pole of order one with residue a at =o, then by 
integrating in the negative direction around a semicircle $(@) with center 


at € and radius @ we have 
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lim [ (@dé=—zia; 
e=° 9(¢) 
for 


AGE remy 9(§), 


where g(&) is regular at &; and therefore, since 


lim [ g(§)d&=0 
e=° 9(¢) 


(length of path 2g, and integrand uniformly bounded for small @), we have 


lim f f(éd&=clim a =a lim (—2i)=—azie«, 
e=9 9(e) e=? Se) raged cm 


Consequently (in case n is odd = is a regular point and we have 


2 
simply 7a ioa=0)), 


” ae Peet wehbe BY he void. 
—i(l4+(—i) [ *"dy=—z De® —3e® 
0 s=1 
0 in case 2}n, 
20i (n\2 
a 1G) in case 2/n, 
so that, in any case, 
27% 
ies See 
mre a ta 
n—1 20 mi = 
ye Saye =a 8 —2nilt 
fo a(1+(—7)") eye 2i(1+(—i)") Vn n fe eoGA, 


The integral on the right can be evaluated by the specialization n=1; we have 


1=2i(1—i) fe "aa, 
0 
so that 


n—1 ont ee —i)n 
x é "es a 


8=0 


these are the four values of our theorem, depending on the residue class mod 4. 


§2 
Schur’s Proof 


I shall not take for granted any knowledge of matrix calculus, and shall 
develop: 


1) The concept: A matrix is a square array 


of n? elements. (The numbering may of course also run, say, from 0 to n—1.) 


2) The definition of multiplication : 
(x1) (Be1.)=(2OxmB mi) 
3) The definition 
Y2— A. 
4) The notation 


ae et Or k=l, 
“I= 1 9 for kel. 


5) The definition of the characteristic function of a matrix I=(a,z1); 
it is the determinant 


@(£)— | Eeyj—@y7 I: 


@(&) is a polynomial of exactly n-th degree with leading coefficient 1, and 


n . 
therefore = J7(—&,); the &, are called the characteristic roots of the matrix. 
r=1 


The coefficient of é*—1is — L'az,, so that 
k 


n 
pe; — a yy: 
r=1 k 
2' 0x4 is called the trace of the matrix. 
k 

6) The THEorEM: The characteristic roots of XU? are the £,?, and there- 
fore those of (M2) are the &,4. 
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Proof: The statement reads: 


| E ey; — 2 Oy mm | =1I(—€,'). 


Indeed, let 7 be a number for which n?=&. Then the matrix product 
(77 ¢42-+ G41) (Nr x1) = (2 (11 Cem + m) (1) m— Ami) 
= (1P 2 ee mem + 2 em emi 11 * Cem Amt —* Cem Emi) 
= (oP eer ter 1 He —* Cem mi) = (F Cet —X Cem mi). 


so that 
| neert+ x2 || 7 exz—Oz7| = | $g:—L apm ome, 
™ 


and in this we have 
| nez1—@2 | SIGE (n—&,); 
| nexr+e42] =(—1)"| —9¢e—en1| =(—1)* (—1) =(— I) (8) 


= ue (n+,); 
so that Se 


| eg:r—L op moms | = Hf £2) — is (é—&,’). 
™ r= T= 
Now let n>0 be odd, and let 


We first show that 


| S| =Yn; 


this will still be easy. 


a n—1 ext (s°—4?) ans (s?—t2 
|S|?=SS= Fe =e ! 
8,t=0 gt 


) 


the sum being taken over any two complete sets of residues mod n. Since, 
when ¢ is fixed, s+t also runs through such a set when s does, we have 
27% 27t 47s 
219 et n—1l 2 os n—l 
Signs oot Leas eS omc 


8,t 8=0 t=0 


i802, Se 
&,t 
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In this formula, 


yen iebab hha __ jm for n|2s, that is, n/s, 
~ |0 otherwise, 


so that 


| S|#=n, 


|S] =n 


Now we set 
274 
== ) 
and we consider the n-by-n matrix 


U=(eF) (k and 1=—0,1,..., n—1). 
If €;,...,&, are its characteristic roots, then our 


n—1 n 
eae ib a 2) 
k=0 r=1 


is the trace of Y. 


We have 
n—I a—1l1 
ieee 2 ekmt+mty_( JX e(erdm) — (8,14), 
m=0 m=0 
where 
n—1 f o 
ae SS ORE n|j, 
of eee ff otherwise. 


It follows further from this that 
n—1 
(W7)? = ( 2 oetm Sm+i)=(n* ei); 
m= 


for if k=/ we have 
nt n—1 
m=0 m=0 


(since n divides k+-m™ for exactly one m) ; for k=l we have . 


n—l 


X Sp4+-m Smti= 9, 
m=0 


since we never have n/k-++-m and n/m+/ simultaneously. 
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(2?) * has the &, as its roots, by 6). Moreover, (12)? has the charac- 
teristic function 


| E epi — nex) | as (E-—n?)". 
Consequently, (92)° has its n roots all=n?. We therefore have 
E=i' Vn; a-=0, 1, 2, or 3. 


If 7#\/n (a=0, 1, 2, 3) has multiplicity m,, then 


8 = 5 Yn (mp —m, +i (mm) 


From 


[Stn 


it follows that 
(m,—m,)*+(m,—m,)*= 1. 


We therefore have 


M,—M,=0, m—mM,=—+1. or m—m,=+1, m,—m,=0, 


S=vy Vn, where v=, and n=1 or i. 


Since 9? has trace 

n—1 

2 83,2, 
Tr=0 


it follows that 
n 
1 (mMy—m,-+M,—M,) = X FP—n; 
r=1 


we therefore have the four equations 


M+ m,+m,+ m=—n, 
My+t1M,—M,—iM,= VN, 
M— m+m,— m,=1, 
My—tM,—mM, +im,=vy—! 


for Mo, M1, M2, and m;. From this it follows that 


2 (12, —mq)—=vi (qn, 
4m,=n-L1—y (n+7-). 
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Since mz is an integer, we must have 


* e for n=1 (mod 4), 
7 \ G for n=3 (mod 4), 
so that in any case 


n—l\? 
It remains to be shown that we must have 


o—- 


This is achieved by computing 
| U] = |e | 
in two different ways. On the one hand, since 


| ¢e:—e## | = IT (&—E,), 


we have, setting =0, 


|| =(—1)" | —e#!| = I En? imam, 
r=1 
since 
Ren 0 for n=1 (mod 4), 
= eealie for n==3 (mod 4), 
and 
nt» for n=l (mod 4), 
2m,= 
eae for n=3 (mod 4), 


v=vt, 
it follows that 
n+1 n n+1 1—n n n—n n n(n—1) 


n 
2 


n 
= v= == qa ees . rho . 
[IAl=n*4 2 —yn2%*yi % =n2%?Qvi 2? =n2 v1 *? =n? vt ? 


On the other hand, by a well-known formula in determinants, we have 


dglane es] ; mee mi (k—D) aoe) 
|\Mj—jle 200 EN = fH (e—e)=Ile * \e 


n —e 
see See eae hoo ean nen 


7A Sat) _, a(k—l) .., 2(k—M) 
=e "IE JT \ 21 ein =E—9) _ 7 (23 ein =), 


1<k 1<k 
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since 
n—1 k—1 L)k 
ype oP Sapa) = "E (2455 ae 
I<k k=1 1=0 


= BOI 4218) nto? _y, (my 


2 


is divisible by 2n. 
We therefore have 


nine x(k—l) 
—_ - 2 1 . 
| 20 4 Zt (2 ot epg ); 


since, in this product, every sine is positive, it follows by comparison with the 
other formula that 


y=. 


§3 
Mertens’ Proof 


For this proof we must first establish the fact that 


»~ 


jad 2. +n for n=1 (mod 4) 
—+ a = 4. 
sti y ea for n=3 (mod 4) 


This is more difficult than the proof given earlier in § 2 of the mere fact that 


| S| = Vn; 


for n=p, to be sure, we know from the Remark preceding Theorem 212 and 
from the proof of that theorem that the determination of the value of S, up 
to sign, is quite simple. (As already noted, the case n=p would have sufficed 
for the applications to be made later.) 

We first show that if, for n>0, we set 


rd 2 

nl oni 2m 

07) (m, n) — pa é n= xe " 
s=0 


8 


over any complete set of residues mod n, then 
P (MN, 1) P(M Ny, Ne)=P(M, M1 Ng) for m>0, re>0, (71, %2)=1. 


Indeed, we have 


oni (met + mat) amg mat oi" Em? 89°) 
P(mNe, M4) P (mn, Ne) = >) e ™ te) = Die My Ne 
$1, 82 81, 8 
—1 2 
eng mime MM og me 
= de mm = Se mm = Ym, nN) 


84, 83 s=0 


by Theorem 73. 
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For n=1 we have 
p(m, 1) = 1. 


If n>1 and n= ITp! is its canonical decomposition, then repeated appli- 
pin 
cation of the above functional relation yields 


Vda DAL? ee. p). 


For /22 and p}+2m, we now have 


p (m, p')=p ¢ (m, p'—*). 


For, 
Bot ame A gat tnte 
— RL l 
e(mpy= Sie P= J! e p 
s=0 t=0 z=0 
peli . mt® p—1 < _2mtz 
Scary a 
— y (7 P » é P 
t=0 z=0 


In this formula, the inner sum is p, in case p/2mt, that is, in case p/t; other- 


wise it is 0. Consequently 


mv 


p21 oni 


i—2 
Pp(m, p)=p YS’ e * =py(m,p*). 
v=0 


From this it follows, for p}2m and /=1, that 


Hi 1 
p? (m1 =p? for / even, 
g(m, p=)", Co: 


p> 9(m,p) for ] odd. 
It follows, for odd »>1, that 


p(l, n)=P, Ip (S pr), 


where P,,>0 and the product is taken over those primes p that go an odd 
number of times into n. 
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Now we can easily show that 


(y(m, p))?= i= =)» for p+2m. 
For if 


2uim 


e=e ? , 


and if a runs over the quadratic residues in the interval 0<x<p, then we have 
m s* 


p—-1l 2%1—\ 
P(m p= Ze *» =1422 0%; 
s=0 a 


and from here on, everything.continues as in the proof of Theorem 212, 
together with the Remark preceding it, except only that here @ represents any 
primitive p-th root of unity, while there it represented a particular one. 
Thus 
—1 


ae i =) =0.(—")=e.(—1)*, @>9, 
so that 
=(7(1,)P=(-1 ye * 1, 
since we have already established directly, in § 2, that 
| S| =|9G,2)|= Yn. 


(It also follows directly, of course, since 


ie |p a1 
afl 
that 
=n 
us Qn 
n—1 
S=+i? Yn 
without 


first being shown.) 
Consequently: Let n>0 be odd. We already know that 


Cain eens 


=e 1+ 
and we should like to show that the upper sign always holds. 
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Let us define Rk by 


Then we have 


per mi(2r)? PN mi (2r+1)? 
(l4)R= le ™ +35e¢ 3 
r=0 r=0 
ees eS zee) Bt i(n tos)? 
=ZTe* + LF e@ 3 agpor e 
— pense rea 
2 2 
n-1 n—1 
aa mi (n?-+4tn+ 4 t?) a 27it® 
=S+ XY e@« —Stir Yo oe * =(141S, 
n—1 n—1 
1+i" = 
Suni =+Yn. 


R is therefore real, and we have to show merely (merely! this is where 
the computation really begins in earnest) that 


0: 
Let us set 
IG 
Bin =o 


for the sake of brevity. Then we have 


2 ee] 2 

Bn-1 Baki v1 AR Aneto 8r—1 TESS 

etic _ "Sgn — FS ete 1X esa. 

8=0 s=9 s=0 s=4n 
Here, on the one hand, we have 

an—1 tS gg y Mi(Ant+t)? 4 | wi(16n?+8nt+?) 4 y mit? 
Oy (GA eo eis ry os = £ (—l)'e 

s=4n t=0 t=0 t=0 


and on the other hand, 


748" An 7i(8n—u)?* i (64n2—16nu-+ u?) 


8n—1 4n 4n 
yy ETSY? 8n = De Sn = eg Sn. ass) eon. 
g=4n Uu=l1 "= 1 u=1 u=0 


so that, on the one hand, we have 
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mis” mist err 


8n—1 sat 4n—1 —1 
cae =) (1+(—1)) e 8" ake e fn =25 ean =2(1+1)R, 
Te 
and on the other hand, 
8n—1 4n—1 74 8 
Ps ee ee 
s=0 8=0 
and consequently 
erie inet i 
(Pes) ha— foe hte 2 eS. 
s=0 s=0 
since R is real, it follows that 
4n—1 4n—1 
k= cos8s?w= 2 gin8s?w. 
s=0 s—1 


Now 
sin(a@+ £)sin(a— B)=(sina cosB+ cosa sin f) (sina cos B— cosa sin B) 
=sin?« cos*B—cos*a sin?B —sin*« (1—sin?B)— (1—sin?«)sin?B=sin*a— sin? B; 


setting 
a=(28-+1)o, B=(2s—1)a, 


we have, since 
a+B=(8s?+2)w, a—B=8sa, 
that 
sin?((2s-+ 1)?w)—sin? ((2s—1)?w) 
sin8 sw 
=sin 8 s?@ cos2w+ 088 s*m sin2w 


=sin(8s?+ 2) 


for 1lSs=4n—1 ( we have sin 8sm>0 since 0<850<32na=~ ); it fol- 


lows, by summation over s=1, 2,..., 4n—1, that 


: 4n—1 gin? ((2s-+ 1)?w)—sin?((2s—1)*w) 
Roos2w+(R—1)sin2Ia=— 2 == osc ST 


s=1 


so that, by so-called summation by parts, 
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R (cos2w-+sin 2m) =sin 2 @ — aa 
re sin8a 


sin? ((8n—1)?w) 


1 1 Nee 
sin8sm sin8(s+1)o sin (8(4n—1)o)’ 


4n—2 
+ "ES  sin?((2s-+1)%0) ( 


The right-hand side is positive; for, first of all, we have 
sin 2m sin 8m—sinw sinw 
ae 


sin?@ 
sin 8m 


sin 2@— - = 
sin8@ 


and second, in the sum, every term 
t 1 
0, 


sin8sm sin8(s+l1)w S 


since the sine function is increasing in the first quadrant; and third, 


sin8 (4n—1)o>0, 


Moreover, cos 2w+sin 2w is >0; and we therefore have 
k>0. 


CHAPTER VII 


REDUCTION TO FUNDAMENTAL DISCRIMINANTS 


DEFINITION 38: Let d continue to be non-square and =0 or 1 (mod 4). 
d 1s called a fundamental discriminant if it is not divisible by the square of 
any odd prime and is either odd or =8 or 12 (mod 16). 


THEOREM 213: Every d=0 or 1 (mod 4) which is non-square can be 
written, and written uniquely, in the form fm?, where m>O0 and f is a funda- 
mental discriminant. 

Proof: 1) Let d be odd. If d=fm? at all, in the sense of the theorem, 
then m? must be the greatest square that divides d. Then f is actually a 
fundamental discriminant; for, first, f=d=1 (mod4), second, f is non- 
square, and third, f is square-free. 

2) Let d be even. 

21) I shall first show that d may be written in the form fm?. In any case, 
we have d=qr’, where r>0 and q is square-free and non-square. 

If gq=1 (mod 4), then g is a fundamental discriminant. , 

If g=2 or 3 (mod 4), then r is even (since 4/d), so that i=4q() ‘ 
and 4q is a fundamental discriminant; for 4q is first of all =O (mod 4), 
second, non-square, third, not divisible by the square of any odd prime, and 
fourth, =8 or 12 (mod 16). 

22) I shall now prove uniqueness. From the fact that d=fm?, m>0, 
and f is a fundamental discriminant, it follows that m? is divisible by the 


greatest odd square contained in d. 
If f is odd, then f is square-free, so that m is the above r, and f is the 


above q. f 
If f is even, so that f=8 or 12 (mod 16), then 4h) so that 2m is the 


above r, and f is the above 4q. 


TueorEeM 214: Let d=fm? be the decomposition of our d im accordance 
with Theorem 213. Then we have 


Ka) =(1- (4) =) K(p). 
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Remark: Since the product on the right contains only a finite number of 
factors, it follows that the determination of K (d) is reduced to the determina- 
tion of K(f), so that in the next chapter we may restrict our attention to 
fundamental discriminants. 


oo 
Proof: If 2&6, converges and if a, + ...-+ a, is a finite sum, then 
n=1 
we certainly have 


(a, +-+-+++a,)(6,+---ad inf.) =(a, b, +a,5,+ ---)+(0+a,b,+09+4,6,+--:+) 
+(0+0-+a,6, +0+0-+4,b,+ % 2 vie + (040+ oe +a,6,+ . -*) 
= x a A,b, 


8=1 ris 


Tr 
rsu 


The right-hand side of our assertion, namely 


Zum(F )> ¥(L en 
2 EZ KODS 


-3(4 ‘a oA) HD 36 z=. 


is therefore 


CHAPTER VIII 


THE DETERMINATION OF K(d) FOR 
FUNDAMENTAL DISCRIMINANTS 


Let d always represent a fundamental discriminant throughout Chapters 
VIII and IX. 

If €>0, then by weil always mean the positive number whose square 
is €. In this chapter, by way of exception, if <0, the symbol VE will be 
given a definite value, namely iv/| é|. 


THEOREM 215: If n>0 and if r runs through a complete set of positive 
residues mod |d|, then 


27% 


d\ d 
2(2)# (Oye 
Aes gle 
Remark: The fact that this sum is independent of the choice of residue 


classes follows immediately from the fact that (2) (by Theorem 99, 4) ) and 
: 


27t 
eld "” each have period |d| (with respect to the positive variable r). 
p—1 

Proof: The numbers —4, 8, —8, and (1) 4a; where p> 2, are all 
fundamental discriminants; let them for the moment be called prime dis- 
criminants. 

It clearly suffices to prove all of the following four statements : 

1) d may be written in the form //q, where the q are prime discriminants 
and every pair of factors is relatively prime. A That is, at most one of the 

oe 


numbers —4, 8, —8 appears, and each (—1)* p appears at most once. ) 

2) Every non-empty /7q, where the q are prime discriminants which 
are pairwise relatively-prime, is a fundamental discriminant. 

3) If the theorem is true for two fundamental discriminants d, and dz 
for which (d,, d2)=1, then it holds for djdz (which, by 1) and 2), is cer- 
tainly a fundamental discriminant). 

4) The theorem is true for prime discriminants. 
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Proof of 1): If d is odd, then d=1 (mod 4) and is square-free, so that 


p-l 
d=IT(—1)? p, 
pia 
where every p>2. 


If d=8 (mod 16), then au is odd and square-free, so that for a suitable 


8 
choice of sign we have 
se 
d=+8 II (—1)? p 
pid 
p>2 
d 
If d=12 (mod 16), then a (mod 4) and is square-free, so that 
p—l 
d= (4) — ere 
pd 


pr2 


Proof of 2): I1q is not.divisible by the square of any odd prime, is non- 
square, and is =1 (mod 4) or =8 or 12 (mod 16). 
Proof of 3): From 


20% 270% 
2%) <4" = (8) ra, (Be) 


it follows that 


coy (Yee (4) (4) are 


For p}dydz and p>2, it follows from Theorem 81 that 


GIG 


for p+d,d2 and p=2, it follows from Definition 20 that 


(©) @)- (aD Ge) Gara) — Cs 


for pldydz it follows from Definition 20 that * 


(8) (8) -0= (4) 
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For every p we therefore have 


Consequently, by Definition 20, we have 


She G ar 


so that by (163) and Theorem 99, 3), we have 


Ue Cae a) = TE) a pane Gay Vans a) Va, Va, ; 


By Theorem 73, 7;\d2|-++r2|d1| runs through a complete positive system 
of residues r mod |d,d2|; by Theorem 99, 4) we have 


(a) -Gaae): Gin - Gata 
r, |d,| ry |d|+1,|d,|/’ \re |4,| r, |d,|+1,|d,| 
(164) therefore yields 
a d Qain F, A 27in A d zi 5 
122) lads)” __ a,\ (% Taal” eDa\e/ ioe: ey ad. 
SES 051) le) ray rap Gea LCL 
It therefore suffices to prove only that 


(ia) (ay) 8 VR = Va 


Since 


__J—YJd,d, for d,<0, d,<0, 
Vay a= | /d,d, otherwise, 


I therefore have to show that 


Thy pig {lente Cet 
(ay) (ia) » 1 otherwise. 
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Since (d, dz)=1, let d, be odd, without loss of generality. Then, by 
Theorem 98, 1), we have 


(Gat) (jet) = Get) (ra 
lds|7 Mle |7 Alaa | 
For d,>0, this reads 
da \* 
a2, \ ge ds 
(ja,1) 
for d2<0, it reads 
[ad |—1 d,|—1 : 
ld, eh) are ee ;) ef an . =| 1 in case d,>0, 
|d, | |d, | —1 in case d,<0, 
Proof of 4): Let d bea prime discriminant. We shall investigate the 


cases (n,d@)>1 and (n,d)=1; in the latter case it suffices to carry out the 
proof for n=1, that is, to show that 


27tr 


ae Ie 


270% 
for, if we set el4l =o, then for (m,d)=1 we have 


()2(F) e= G) a(S) er=2 Ge) er =2 (F) ev 


In case (n, d) >1, the statement of the theorem reads 


oe aa 


41) For d=—4, we have 


dsj e) eo" (=) imran itn | (O) (— Lele 1)8™—0 in case n=2 m, 
Apes meses =2i=)—4 4 incasen=1. 


42) For d=+8, it follows from Theorem 93 (since o*=1, p=itt) 
that y2 


+8 +2\ —- Ss 
= (eras (Beran (*) er mer teeter 


=o" (Fin 29+ 330), 
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This reads 


e* (14+ (—1)"—14(—1)8")=0 in case n=2m, 


14s 1+% =2/2= V8 — in =1, d=8, 
esti 8 (les ie case n 
yo y2 ") 21 /2= y—8 in case n=1, fees: 


p—1 


43) For d= (—1) ® p, we have 
in case (n,d)>1, since p/n and because & is a character of the second 


kind mod |d| : 
he ae) = 


in case n=1, by Theorem 98, 1) and Theorem 212: 


22ir 


E(F) r=2(E) =2(F) = 2 (SoH 8 (Le 
= ) (1) Pp. 


(The entire machinery of Chapter VI was necessary only for subcase 43) 
of the fourth statement. ) 


THEOREM 216: For 0<gy<2n, we have 


Ssinnp «7 — 

(165) ars Soe 

(166) F SAP _ log (2sin 2), 
n=1 


Proof: This I assume known from analysis. Otherwise, the inexperi- 
enced reader may derive (165) from the Fourier expansion of the very well- 
behaved right-hand side; (166) preferably not in this way, because of the 
singularities p=0 and y=2z, but rather from the fact that for |&|<1, with 
the exception of &=1 (& complex), we have, by suitable normalization of the 
imaginary part of the logarithm (this normalization being arbitrary, since it 
drops out immediately), 


Be 


n=1 


= —log (1—), 


from which, if we set = e”* our result follows by comparison of the real parts. 
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THEOREM 217: If d is a fundamental discriminant, then 


a 

a2 le) log sin — for d>0, 
es 

cli corey 7 (2 r for d<0, 
[epee 


Proof: By Theorem 215, we have 


co /d 1 co 7) |@l-1 7g Pays 
dK@== (“)ya- =F — (“) eta 
Va 2) n=1 \1 las n=1% 7=1 ve ; 
jd|—a d CO 1 ee 
(167) eS (e Si 
(pb r n=1 1 
(since 2 on the right converges, by Theorem 216, since peel: Ta " <2m). 
n=1 


1) Let d>0. By (166), it follows from (167), since the left-hand side 
is real, that 


2ur 
Cpe GAY igs: et (»=3") d—-1/q . Ur 
Va K(d) =2(5)2 =— £ (5) log (2 sin 77) 


since 


2) Let d<0. By (165), it follows from (167), since the left-hand side 
is pure imaginary, that 


. 2r 
rain ESO) G_) 
se wa Gs 


CHAPTER IX 


FINAL FORMULAS FOR THE CLASS NUMBER 


THEOREM 218: Let d be a fundamental discriminant, Then we have 


~ [Tsin a 
a ford 0, 
Isin = 
3 d 
(169) Md) =s77 Et-Zs) for d<0, 

a). 
where s runs through the numbers in the interval 0<r<|d| for which (“)=1 
and t through those numbers in the same interval for which . =——l1. 

fil 


Remarks: 1) for d=(—1) ® p, where p>2, it follows from Theorem 
98, 1) that this means that s runs through the quadratic residues and t through 
the quadratic non-residues mod p between 0 and p. 

2) In case d>0, it tollows from Theorem 101 that the right-hand side 


of the statement also 
2 


Proof: 1) Let d>0. By Theorems 209 and 217, we have 


~; ( Zilog sin” sin — "—Z log sin **). 


_ Vb vesay ar 
h(d)= a GS log sin — 7 7 


loge Vd oan 


2) Let d<0. By Theorems 209 and 217, we have 


~ loge 


eee ae ©'®. is 


27 |d| 2 
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For d<0 I shall develop—for general purposes, first of all, and secondly 
to carry out what was promised in the Introduction—still another, and even 
simpler, formula for h(d), and—since the elementary transformation of (169) 
could be carried out, to be sure, but would be quite laborious—I shall do this 
by once again bringing in the series K (d). 


TuHeEorEM 219: Let d<O be a fundamental discriminant. Then 


w lala 
co a 


Remark: For d=—}p, p=3 (mod 4) and p>3, this is precisely what 
was asserted in (123), since 


()- ©, PE ]-255 Fn 2 G= {i & PEt eee 


Proof: By (165) we have, for 21n<p<4na, 


h(d)= 


Fsinny os sinn(~—2n) a g-—I2n 2 
n=1 1 n=1 n me. 2 is Dentin 


The series on the lett converges for p=2a as well; by Theorem 215 (with 
2n in place of n), we therefore have 


yex@(2) —3(2)yat= 52 ®t 


n=1 1% r=1 \? 
: 4ur 
yratxc@)— 2} (ain(wtzt) “(8 3° CET) 
= 4 OG) +2, OG-Bta) 


(I a to be sure, replaced 2 by the incorrect value —F instead of 0, for 
n 


7 this is harmless, however, since for d even we certainly have 


d ; 
(<i eo since 4/d). It therefore follows, by (168), that 
2 
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Oe aps G42) 
=2)Td| K@ +* cba (O-saee—« z (), 


d 
y1ai (2—( )ce- ar (7) 
ioe 
so that, by Theorem 209, we have 


gee “) “ _ Sa) 


eT a= was 9)’ 


APPENDIX 


EXERCISES 


EXERCISES FOR PART ONE 


Exercises for Chapter I 


1. Suppose b>0Oand b+a. Put ry>=aand 7,;=b and determine ro, 73,..., 
r, by the relations: 


To=1191+12, O0<re<ri, 
11=1oegatrs, O<rs<ro, 


RI a0 east Oe Pare Er 
Yn—1—T nny OTe 


Show that 7,, the last non-zero remainder, is the greatest common divisor of 
aandb. This process for finding the greatest common divisor is known as 
the Euclidean Algorithm. 

2. For arbitrary a and b, not both zero, consider all numbers of the 
form ax-+-by, where x and y take on all integer values. Let d be the smallest 
positive number in this collection. Show that d=(a, b). 

3. Prove that (ma,mb)—m/(a,b), where m>0 and a and 0 are not 
both zero. 

4. Deduce Theorem 15 from either Theorem 14 or Ex. 3. 

5. Show that the greatest common divisor of a+b and a—b is either 
Por. iitao) ==); 

6. Suppose F,—22"+1, for n=0, 1, 2,.... Show that if k>0, then 
F,|/(Fnix—2). Infer that any two of the numbers Fo, Fy, Fo,...are rela- 
tively prime. 

7. Show that if ad—bc=—1, then (a+b, c+d)=1. 

8. Prove that if n is odd, then n(n?—1) is divisible bx 24. 

9. Show that in the so-called Fibonacci series, 1, 2, 3, 5, 8,...,1n which 
each term is the sum of the two preceding terms, two consecutive terms are 
always relatively prime. 


it) a ta : ; 
10. Show that the sum 1+ zy eR E eet re not an integer if n>1. 


(Hint: Let 2! be the highest power of 2 not exceeding n. Then there is 
no other number between 1 and n inclusive which is divisible by 2!.) 
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Exercises for Chapter II 


1. Prove that if a=3 and n=2, then a*—1 is composite. 

2. Prove that T(a) is odd if and only if a is a perfect square. 

3. Suppose n>0. Show that T(2*—1)2=T(n) and T(2"+1)> T*(n), 
where T*(n) is the number of odd positive divisors of n. 

4. Use Ex. 6 of Chap. I to give another proof of Theorem 18. 

5. Suppose k to be a given integer greater than 2. 

a) Ifqi—l, go—1, ..., qy—1 are divisible by k, show that qige .. . @v—1 
is divisible by k. 

b) If n>0, show that there is a prime p such that k+(p—1) and 
p|(nk—1). 

c) By the method of proof of Theorem 18, show that there are infinitely 
many primes p such that kf (p—1). 

6. If f(m) is a non-constant polynomial in n with integral coefficients, 
then f() is composite for infinitely many values of n. 

(Hint: Let a be such that A=|f(a)|>1. Then A/f(Ax+a) for 
every +.) 

7. Prove that if € and 7 are real, then [€+7]=[&]+[y]. 

8. Use Theorem 27 and Ex. 7 to prove that if m>0 and n>0, then 
(m+n)! is divisible by m!n!. Infer that the product of any n consecutive 
integers is always divisible by n!. 

9. If lSrSp", p*lr, and p*+1+4r, show that p!{r!(p"—1)!}—? is divis- 
ible by p*—* but not by p*—*+?. 


Exercises for Chapter III 


1. Suppose r=2, a,>0,...,a,>0, and let v be the least positive com- 

mon multiple of a;,...,a,. Show that if we write aj— {, je ae c., then 
1 Tr 

(Cee cle 

2. Suppose r=2 and a,,...,a, are not all zero, say @,=+0, Let 
d,=a, and d,=(dn,d,_1) for 2SnSr. Show that d,=(a,..., Gs): 

3. If r=2 and a>0,..., a,>0, let us denote (temporarily) the least 
positive common multiple of a,,..., a, by {a1,...,a,}. Show that if a>0, 
b>0, and c>0, then ‘ 


a) (a, {b,c})={(a,b), (a,c)}; 
b) {a, (b,c) }=({a, d}, fa, c}) ; 
c) ({4, b}, {a,c}, {b, c})={(a, b), (a,c), (b, c)}. 


EXERCISES FOR Part ONE 235 
Exercises for Chapter IV 


1. Ifa>0 and b>1, show that 3(4) —S(ab) —S(a)S(b) 


a abe a0 

2. Show that an odd integer divisible by no more than two primes cannot 
be a perfect number. 

(Hint: Show that S(a) <2a for such an odd number a.) 

3. Prove that the sum of the reciprocals of the positive divisors of a 
perfect number is equal to 2. 

4. If mn is an odd perfect number, show that n=p’m?, where p=r=1 
(mod 4) and p+m. If m is given, show that there is at most one prime-power 
p’ such that p+m and p’m? is perfect. 

5. It is implicit in the proof of Theorem 31 that if a>0, b>0, and 
(a, b)=1, then S(ab)=S(a)S(b). Prove more generally that if a>0 and 
b>0, then S(a)S(b)= SF dS(#2), 

dj(a, b) d? 

(Hint: First treat the case where a and b are powers of the same prime. ) 

6. The number-theoretic function A(a) (Liouville function) is defined 
thus: 

A(a)=1 if a=1 or if a is the product of an even number of primes (not 
necessarily distinct), while 4(a@) =—1 if a is the product of an odd number 
of primes (not necessarily distinct). Prove the following : 

a) Ifa>0 and b>0, then A(ab)=A(a)A(b). 

__ (1 if a=0? for some b=+0, 
>, prac Ra ‘5 if a>1, a=? for all b. 


c) For 21 we have F a(n) Bee i 


d) For +21 we have iz AG) gs 
n=1 

7. If a>0, show that Zu(d)5 (4) =n, 
dla d 


8. Show that A(a)= Su(d)log (5) =—Zu(d)log d. 
a a 


9. Let G(a) be any number-theoretic function. Denote by F(a) the 
number-theoretic function 


F(a) = 2u(d)6(4). 
Show that OANA 
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10. Let f(a) be a number-theoretic function which never takes the value 
zero. Denote by g(a) the number-theoretic function 


g(a) =I} (4). 
|a 
Show that we have 


j(a)=Ho(G)a. 


11. Show that »(5186) = (5187) =@ (5188) =2592. 

12. If n>0, show that m(n)/n if and only if n is of one of the forms 
1, 22, 243, where a>0, b>0. 

13. Prove that if a>0O and b>0, then m(ab)=@(a)p(b)c(p(c))—’, 
where c is the product of those primes that divide both a and b. 


amet SOsthen 7? (1 ee ee +7(m)=[2 HF + teh +l 


(Hint: Count in two ways the number of solutions of xySn, x>0, 
y>0.) 
15. If n>0 and k=[\/n], show that 


T(1)+T(2)+... +7 (n)=2([7]+[4]+ a +|=])—e 


(Hint: If xySn, x>0, and y>0, then either «Sk or ySk, and pos- 
sibly both.) 


Exercises for Chapter V 
1. If a=coteig+ ...+cng", prove that 


a=cotci+ ...+cn (mod g—1). 
(In particular, any number is congruent modulo 9 to the sum of its decimal 
digits ; cf. Theorem 8.) 
2. If a>4 and ais not a prime, show that (a—1)!=0 (mod a). 
3. If k>0 and n(k—1) is even, show that there exist integers x and y 
relatively prime to k such that ++ y==n (mod k). 


(Hint: First consider the case in which k is a power of a prime and then 
use Theorem 70.) 
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4. Given that a>0, b>0, (a,b)=1, and aa’+bb’=1. Show that if 
n=0 the diophantine equation ax+-by=n has 


Ele 


solutions in non-negative integers x and y. 

5. Given that a>0, b>0, (a,b)=1. Show that if n>ab—a—b there 
exist non-negative integers x and y such that ar+by=n, but that if n= 
ab—a—, this is not the case. 

6. Show that 

(a+b) ?==ar+b? (mod p). 


7. Prove that if m?’-+-n?=0 (mod p), where p>2, then 
m?+nt=0 (mod p?). 


8. Given that r>1, s>1, and rs>p. Then if p+a, we can find integers 
x and y such that 
ax=y (mod p), 1S|x|<r, 1S|y|<s. 


(Hint : Consider the numbers au—v, where 0 SuSr—1 and OSvZs—1. 
Since rs>p, two of these numbers must be congruent modulo p.) 

9. Given that p>3. 

a) Prove that p! and (p—1)!—1 are relatively prime. 

b) Prove that if n>0O and n=(p—1)!—1 (mod p!), then the p—2 in- 
tegers preceding n and the p integers following m are composite. 


10. If p>2, use Wilson’s Theorem to show that 
pti 


{(7] Veeco) * (mod p). 


ll. If 1S=j=p—2 and if s; is the sum of the products of the numbers 
1, 2,..., p—1 taken / at a time, show that s;=0 (mod p). 

12. If />2 show that 

a? 1 (mod 2!) 
for a odd. 

(Hint: Use mathematical induction. ) 

13. If p>2 and J=O or if p=2 and OS/S2, define x(p')=q('). If 
p=2 and [>2, define x(p!)=%y(p'). If m>1 and if m= p,*... p,* is its 
canonical factorization, define x(m) as the least common multiple of x(p,"*), 

as (py). Show that if (a,m)=1 then a*“™==1 (mod m). (For this 
reason %(m) is sometimes called the universal exponent of m.) 
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14. Given that m>1 and m is odd. Consider the following four state- 
ments : 

(i) m is prime, 

(ii) p(m)/(m—1), 

(iii) x(m)/(m—1), 

(iv) 2"—1==1 (mod m). 

a) Show that if one of these four statements holds, then those that 
follow it also hold. 

b) Show that if m=341, 645, 1387, or 1905, then (iv) holds but (iii) 
does not. Show that if m=561, 1105, or 1729, then (iii) holds but (ii) does 
not. (There are no known examples in which (ii) holds but (i) does not.) 

c) Show that if (iv) holds when m=k, then it also holds when 
m=2'—1. 


Exercises for Chapter VI 


1. Show that the congruence ax?+bx*+c=0 (mod p), where p is odd 


and p+a, has a solution if and only if b?—4ac is a quadratic residue modulo p. 
(Dea 


2. “(= Jao, showathat ) dMalasD a miode pi: 
djn 
3. Show that ‘5 ( =) =0. 


AST AS ps2: we that the product of the quadratic residues in a given 
: ' —1 
reduced residue system modulo p is congruent to (=). 
(Hint: Proceed as in the first proof of Wilson’s Theorem.) 


5. If p=3 (mod 4) and r is the number of quadratic non-residues among 


—] —] 
ae then (F*)t—=(1. (mod p). 


6. Show that the conclusion of Theorem &6 can be written 


@-(-9) 


the numbers 1, 2,..., 


7. If p>2, show that the number of solutions of the congruence +°=16 
(mod p) is 8 if p=1 (mod 8), 4 if p=5 (mod 8), and 2 if p==3, 7 (mod 8). 
(Hint: Use the identity 


x®§—16= {x22} {2242} { (4—1)?+1} {((4+1)241).) 
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8. Show that for every prime p the congruence 
*x®—11 44+ 36x2—36=0 (mod p) 


is solvable. How many solutions are there ? 


9. Use Gauss’s Lemma directly to show that —3 is a quadratic residue 
of primes congruent to 1 modulo 6 and a quadratic non-residue of primes 
congruent to 5 modulo 6. 


r(r+1) 


10. Prove read 3s ie ya, provided p>2. 


(Hint: For each r for ere 1=r=p— there is a unique s for which 
lSs=p—2 and rs=1 (mod p). Accordingly 


(r+-1) rs(rs+s) +] 
(SS aS) 


11. Let p>2 and let N be the number of integers n in the interval 
1=n=p—2 such that » and +1 are both quadratic residues modulo p. 


Sheeiber N= z( pa (=)). 
(Hor: v= $2 (1+(8))(+#)).) 


12. Ifn=1, show that ( ue ) ==1 (= lao (Jacobi symbols). 
4n—1 4n—1 


13. If k is even, k>O, h is odd, and (h, k)=1, prove the following rela- 
tion for the Jacobi symbol: 
(h-+1)k 


cee Pree ee k 
(-1) aaa 
14. Show that the Jacobi symbol can be expressed in terms of the 


Kronecker symbol in either of the following two ways: 
If m>0, m is odd, and (n, m)=1, then 


1 if m is a square, 


m 
(*)= Gs) if m=1 (mod 4) and m is not a square, 
m 


if m==3 (mod 4), 
vat (Tap) : 
lif m is a square, 


— |= aN 2 
m Cao n is not a square. 
m 
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15. Show that the Kronecker symbol may be expressed in terms of the 
Jacobi symbol as follows: If d==0 or 1 (mod 4) and is not a square and 
m>O, then 

0 if (m,d)>1, 


(Fi (m, d)=1, d=1 (mod 4), 


(+) (m, d)=1, d=0 (mod 4). 

16. a) Show that ihe fifth assertion of Theorem 99 may be modified 
to read: (4)——1 for suitable p. 

b) Te is not a square, show that there are an infinite number of odd p 
such that (=) =—l. 


(Hint: Apply a) with d=h?n, where h is the product ot the first r 
primes, 7 being an arbitrary positive integer.) 

c) If the congruence x?=n (mod /) is solvable for all sufficiently large 
p, show that n is a square. 


Exercises for Chapter VII 


1. Let a, b, and c be given and either b?—ac <0 or b?—ac=a positive 
square. Show that for any given k the equation ax?+2bxry+cy?=k has only 
a finite number of solutions. 

2. Let a, b, and c be given and either b2—ac=0 or b?—ac positive and 
not a square. Show that there exists a non-zero k such that the equation 
ax?+2bxy+cy?—k has an infinite number of solutions, unless a=b=c=0. 

3. If k is given, show that there are an infinite number of positive values 
of d for which the equation +?—dy?=k is solvable. 

4. If d is divisible by 4 or by any prime congruent to 3 modulo 4, show 
that the equation +2—dy?——1 has no solutions. 

5. Let d be positive and not a square and suppose that the equation 
4«*—dy?=—1 has solutions. If 29, yo is that solution for which yo has the 


smallest positive value and x )>0, show that the general solution of 
x*—dy’=—1 is given by the formula 


+ (4+ yoVd) t= yd, 


while the general solution of +?—dy?=1 is given by the formula 


ae (tot yoVd)*=x+-yV/d. 
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6. Show that the equation x?—34y?——1 has no solutions. 
(Hint: The equation x?—34y?=1 has the solution +=35, y=6.) 


7. If d is divisible by any prime congruent to 3 modulo 4, show that the 
equation +2—dy?—— 4 has no solutions. 


8. Suppose d>0, d=0, 1 (mod 4), d not a square and suppose the equa- 
tion +?—dy?=— 4 has solutions. If x9, yo is that solution for which yo has the 
smallest positive value and %)>0, show that the general solution of 
x*—dy?—=—4 is given by the formula 


+(e si, 


while the general solutions of +*—dy?=4 is given by the formula 


ce (cea) Seed 
= 2 = Tam 

9. Suppose d=0 (mod 4). Show that any solution of the equation 
x?—dy?=4 is of the form +=2u, y=v, where v= dul, Similarly for 
the equation +*—dy?=—4, if it has solutions. 

10. Suppose d=1 (mod 8). Show that any solution of the equation 
x?—dy?—4 is of the form r=2u, y=2v, where u2—dv?=1. Similarly for the 
equation +*—dy?——4, if it has solutions. 

11. Suppose d=5 (mod 8). If +o, yo is that solution of +?—dy?=4 for 
which y, has the smallest value and x)>0, and if x6, yo is that solution of 
a?—dy?=1 for which yo has the smallest positive value and +)>0, show that 


Lore J eSEnE 
atyya — mole 


if 4) and yo are even, but that 


ty ld = (Gee) 


if x, and yo are odd. Similarly for the equation #*—dy’=—4, if it has 
solutions. 
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Exercises for Chapter I 


1. Show that there is a positive constant a such that there is a prime 
number between n and an for every positive n. 

2. If e>0 show that 2p—* (log p) — © converges, the sum being extended 
over all prime numbers in increasing order. 

3. Show that if m runs through the composite numbers in increasing 
order, then 2'{m—p(m) }—? converges. 


(Hint: If m has a prime factor =m “, then Mea on eel If not, 
then m is either the square of a prime number or the product of two distinct 
prime numbers. ) 


4. (a) Show that 2 {log ele Ae =! converges, the sum being ex- 


tended over all prime numbers in increasing order. 
(b) If 23 show that 


1 1 
>—zZlog! ee, i 
ey Oe ce Ong peas me 
(Cf. the second proof of Theorem 114.) 


5. For &>0 define 
B(é) pee ae p. 
Show that there are positive constants a’ and @ such that a’/E<d(E) <a’é 
for 6=2. 


(Hint: Use the fact that {1(&)—2(/&) } log VES0(E)Sn(é) log .) 
6. Show that 


|Z, Plog p—log n| 
is bounded for n=1. 
(Hint: Use Theorem 27 to show that 
n wen p—* log p= log pSlog n!Sn an p—* log p 
+n Z(p(p—1}~* log p, 
and then use Ex. 5 and the obvious inequalities e">n"(n!)—1=1.) 


242 
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7. In the notation of Ex. 5 show that 
limin(€ (log €).{9.CE) }-*=1. 
E=0o 


(Hint: Show that 
8(€) log *ESn(€)Sw+8(€) log—*w 


if 2wSé, and then take w= log—?6 for large é.) 

8. If e>0 show that the number of distinct prime factors of n is less 
than (1+ e) log» log—? log n for all sufficiently large n. 

(Hint: If has, distinct prime factors, where r>2, then n=pipo... pr 
and accordingly log n log—? log n=O(p,) log—10(p,).) 

9. If t>0 and 22 show that 


t LA 
IT (i) <log-*& | 1— =) 
t< pst Pp pst Pp 


(Cf. the proof of the second part of Theorem 115.) 


Exercises for Chapter IT 


1. Suppose given a set of N objects and certain properties 41, Ao,..., 
A, pertaining to them. Let N(A;) of the objects have property Ai, N (Ai, 4;) 
of the objects have both properties A; and A;, N(Aj, Aj, Ay.) of the objects 
have the three properties 4;, A;, and A;,..., N(A1, Ao,..., Ar) have all r 
properties 4;, Ao,..., A,. Let Z be the number of the objects that have none 
of the properties A;, 42,..., A, Show that 


T 
Z=N+2(—1)"Nn, 
where 
N=) INCA Ais 4.) (QS eg Ta 


2. Under the conditions of the preceding problem, show that if m is even 
and O0<m<r then 


—1 m 
N43(—1)*NySZEN+3(—1)*Ny. 
n=1 n= 


3. Given that t>0 and that a1, ao, ..., a are given integers no two of 
which are equal. Let P(é) denote the number of nS such that n+-a1, n +42, 
..., n+a; are all prime numbers. By the method used in proving Theorem 
119 show that for 23 
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P(é) <Bé& (log &) —* (log log &)', 


where f is a positive number depending only on f, a, dz, ..., - 


(Hint: First show that the result is trivial if a4, de, ..., a represent 
every residue class modulo some prime number. Also note that any prime 
dividing a;—a, for some i and 7 (i++/) plays an exceptional role similar to that 
played by the prime 2 in the proof of Theorem 119.) 


4. Show that Theorem 120 is still true if the general term of the series 
is p—1(log p)® instead of p—1, where #< 1. 


Exercises for Chapter LI 


1. If m>0 and x(m) is defined as in Ex. 13 of Part One, Chap. V, 
show that there exists a number g that belongs to the exponent x(m) modulo 
m. Infer that the numbers that occur as exponents modulo m are precisely 
the divisors of x(m). 


2. Let m>1. Show that the following five assertions are equivalent: 

(a) m is 2, 4, a power of an odd prime number, or twice a power of an 
odd prime, 

(b) x(m)=(m), 

(c) there exists a number g such that every integer relatively prime to 
m is congruent modulo m to a power of g, 

(d) if a belongs to the exponent 2 modulo m, then a==—1 (mod m), 

(e) the product of the elements in a reduced residue system modulo m 
is congruent to —1 modulo m. 


3. If ki>0, y1(a) is a character modulo ky, k2>0, and y2(a) is a char- 
acter modulo kz, then y;(@)x%2(a) is a character modulo the least common 
multiple of ky and ko. 


AD licks Ors 0) (ke koa l,and x(a) is a character modulo kyko, 
then ¥(@) is expressible uniquely in the form x(a) y2(a), where y;(a) is a 
character modulo ky and y2(@) is a character modulo ko. 


(Hint: Let u=1 (mod k:), m=0 (mod ke), we=0 (mod ki), uo=1 
(mod ky). Then y(a)=7(uya+uz) 7 (y+). ) 
5. Let x(a) be a character modulo k and (a) the principal character 


modulo k. Let ky and ky be divisors of k, y,(a) a character modulo ky, and 
y%2(a) a character modulo ky such that 
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x(a) =4o(@) x1 (4) =4o(2) X2(a). 


Show that there exists a character y;(a) modulo (kj, ko) such that 


x(a)=4o(a) xs (a). 


6. Let k>0, where k has r distinct odd prime factors. Show that the 
number of real characters (characters of the first and second kinds) is 2” if 
44¢k, 27+ if 4k but 8+k, and 2°+? if 8/k. 


7. Let x(a) be a non-principal character modulo k (character of the 
second or third kind) and 


> 


™ 
S(m)= Zyx(a). 
a=1 
If d is a number such that d=| S(m)| for every m=1, show that 


ihe fi 1 
LQ, al<ltgtgt- +g 
Infer that |L(1, 7) |<log k. 
(Hawt: L(1, 4)= 35(m) (m(m41)}-?.) 


8. Show that the series (71) and (73) actually converge uniformly for 
se, provided e>0. 
co 
9. If x(a) is a character put g=g(s, 1)=24(a)A(a) (a‘ log a) —? for 
a= 
s>1. Show that e9=L(s, 7) for s>1. 
(Hint: Show that the derivative of e~9L(s, x) is zero.) 


10. Show that if 0<4<1 and vy and X are real then 
(1—) 24 +3 |1—yeri* [Ie] <1, 
(Hint: Use the relation 
Z co 
log |1—ner*|=— 2'n" (cos nv)n—".) 
n= 
Also show that if \/2|A—1|<1, the above inequality can be used in place of 
Theorem 149 for the purpose of proving Theorem 151. (Theorem 149 is the 


1 : 
special case A=. The case A=1 is also sometimes used.) 


2 
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11. If k>O use Ex. 9 to show that 
HIL(s, x) >} 


for real s>1, where the product is extended over all the characters modulo Rk. 
Show that this inequality can be used to give another proof of Theorem 151. 
(Hint: The conjugate of a character of the third kind is itself a char- 
acter of the third kind.) 
12. Given that k>O and yp is the principal character modulo k. Show 
that as s>1 from the right 


L (8, %) 1 
L(s, Xo) s-—1 


has a finite limit. Infer from this fact and equation (82) that if (/, k)=1 then 


sy heyy = 


1 
p=i p* h(s—l) 


has a finite limit as s>1 from the right. 


13. a) Let k>O. If y (a) is the principal character modulo k, show 
that (in the notation of Ex. 9) g(s, x.) +log(s—1) has a finite limit as s>1 
from the right. If X(a@) is a non-principal character modulo k, show that 
g(s, x) has a finite limit as s—1 from the right. 

b) Let (,k)=1, />0. Show that for s>1 (with the summations as 
in Theorem 154) 


aor A(a) 
% 270 JO cs a’ log a 


c) Prove Theorem 155 by using b) and the functions g(s, y) instead 


i L'(s 
of (82) and the functions — ii 4) . In fact show that 


ZF +7 — log (s—1) 


has a finite limit as s—1 from the right. 


1 
(d) Show that 2’ W— diverges. 
p=l Pp 


14. Using Theorem 155 and Exercise 9 of Part I, Chap. V, show that, 
given any positive number r, however large, there exist an infinite number of 
primes q such that the difference between g and any other prime is greater 
than r in absolute value. 


EXCL Hoge OR PART THREE 


Exercises for Chapter I 


! 
1. If b>0, b’>0, and ba’—ab’=+1, show that + and - are neighbors 


in the Farey series of order n for any n such that b+-b’>n=max(b, b’). 
(Cf. the proof of Theorem 156.) 


a a’ ; : : 
2. Ii — and py are neighbors in the Farey series of some order, then 


ata’ : 


ay is the only fraction between them in the Farey series of order b-+-0’. 


» 


3. Suppose that for each fraction - with (a, b)=1 and b>0 we con- 
struct the circle with radius (2b?) —1 and center at - +1(2b?) —* in the com- 


plex plane. Show that no two of these circles intersect and that two such 
circles are tangent if and only if the corresponding fractions are neighbors in 
the Farey series of some order. 

4. If € is a given irrational number, show that there are an infinite 


< (2b2)—1, 


number of fractions $ with (a,b)=1, b>0, and ee 


Exercises for Chapter I 


1. Show directly (that is, without using any of the results of this chapter ) 
that if 


n=x?+y?, «>0, y>0, 2fx 


has more than one solution, then ” is composite. 
2. Show directly that if some p==3 (mod 4) divides n with exactly odd 
multiplicity, then is not expressible as a sum of two squares. 
3. By using the identity 2(4?+ y?)=(#+y)?+ (4—y)? but using none 
of the results of this chapter, show that U(2n)=U(n). 
247 
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4. Prove that every p=1 (mod 4) is expressible as a sum of two squares 
by use of Exercise 8 of Part One, Chapter V instead of the methods of this 
chapter. 

(Hint: In the notation of the problem mentioned, take r=s=[W/p]+1 
and choose a so that a?-++ 1=0 (mod p).) 

5. By using only the result of the preceding problem and the identity 

(41?+-y1?) (4722+ yo?) = (4142+ yiye)?+ (41¥2—y42)?, 


show that a positive n is expressible as a‘sum of two squares if no p==3 
(mod 4) divides n with exactly odd multiplicity. 

6. If n>0, if no p=3 (mod 4) divides n with exactly odd multiplicity, 
and if m is defined as in Theorem 164, show that the number of solutions of 


naa", ¢=—ye-0 
is equal to the number of solutions of 
M=KLY, vey >”): 
(Hint: Show that both quantities are equal to Preset 


Cj. Exercise 2 of Part One, Chap II.) 
7a Hor 2 >0 put 0,1 Un) 0 and.b,—=0.0 Un) 0. Show that 


Lban—* converges if a>1 and diverges if aX<1. 
n=1 


8. If «>0 show that 


Pid byes ce EU(n) ene 


Exercises for Chapter III 
1. Show that in the proof of Theorem 168 it is possible to dispense with 
the preliminary proof that m is odd. (If this is done, the inequality |y;,|< = 
must be replaced by |x a5 and later the possibility that nm must be 


excluded by a separate argument. ) 
2. Show that if 21 >0, n2>0, and (my, nz) *=1, then 


Q(nyn2) = Q(n1) : Q (nz) ; 
8 8 8 
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3. Let R(n) be the number of solutions of 
#740744, + 4 2=n, (41, £2, Xs, 44) = 1. 


If »>0 show that 
Om=ER(T) Rm) = u(4)0(%) 


(Cf. Theorems 38 and 162.) 
4. Use the results of the two preceding exercises to show that if n,>0, 
n2>0, and (1, m2) —1, then 
R(min2) __ R(m) , R(m2) | 
ogoe 8 
5. Let u be a positive odd number and v the largest square-free divisor 
of u. Using the results of the preceding two exercises, show that 
R(u)= 8uS(v)v—}, 
R(2u)=24u S(v)v—?, 
R(4u)=16u S(v)v-?, 
Ri 2a)=05 wate i> 2. 


6. Show that there are infinitely many positive m for which 
Parte arn, 1 >42>4*P2 >a? 


has no solutions. 
7. Show that if n is sufficiently large then 


HP +49? + 452+ 42+ 452 =n, 9 41? >42?>43? > 4? > 45? 


has solutions. 


Exercises for Chapter IV 


1. Use Theorem 181 to give another proof that if n>0 and no p=3 
(mod 4) divides n with exactly odd multiplicity, then ” is expressible as a 
sum of two squares. 

(Hint: Without loss of generality it may be assumed that n is square- 
free. Then there exist integers b and c such that b?>=—1-+cn. Hence the 
definite binary form nx,?+2b4%,42+cx»? is equivalent to x;?+42”.) 

2. If each of two positive integers is expressible as a sum of two squares, 
their product is also. Show that the analogous assertion for three squares 


is false. 
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3. Show that if p==5 (mod 12) and p> 1/7, then p is expressible as a sum 
of three distinct positive squares. 
(Hint: Show that p=a?+b?, where a+b=0 (mod 3). Then use the 
identity 
9(a?+-b?2) = (2a—b)?+ (2a+2b)?+ (2b—«)?.) 
4. Using only the results of this chapter show that for n>0 there exist 


solutions of 
K+ e?+437+42=n, (Cpr er 


if and only if 8+n. 
5. Show that for given m and n the system 
ty 4244" +47%=n, 41+42+4%3+4,=m 


has a solution if and only if either 

(i) 4n—m?=—0 and 4/m or 

(ii) 4n—m?>0, m=n (mod 2), and 4n—m? is not of the form 
42(8b+7), a0, b=0. 


6. If x>0 let N(x) be the number of positive integers not exceeding x 
and not expressible as a sum of three squares. Show that 


oo 
N(#)=3[q(4-*r+1)], 
where r=[ (log +—log 7) log—14], and infer that 


a 7ilogx 
6 8log4 


log x 
8 log 4 ° 


7. Use the arguments of this chapter to show that if n>0 and n=1, 2, 
3, 5, or 6 (mod 8), there exist solutions of 


Ae NG) sea 


4+ 497+ 452=n, (rz; 42, zs)=1, 


Also show that if n=0, 4, or 7 (mod 8) no such solutions exist. 


N, Ny, No, d, dy, do 
u,l, m,a,a,B 


d 
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Brun’s Theorem, 94ff., 102 


CHARACTER, 109 
of first kind, 114 
principal, 110 
of second kind, 114 
of third kind, 114 
characteristic function, 207 
Chebyshev, 88 
class, of forms, 174 
imprimitive, 178 
primitive, 167, 178 
residue, 38 
common multiple, 14 
complement, 57 
composite number, 18 
congruence, 37 
consistency of several, 48 


roots of, 40, 47, 49 
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solutions of, 40, 47, 49 
congruent, 37 


DECIMAL representation, 13 
definite form, 154, 172 
determinant, 151 
diophantine equation, 44 
solution of, 84 
Dirichlet, 121, 125, 168 
discriminant, 151, 167, 170 
fundamental, 219 
divisibility, 11 
divisor, 11 
greatest common, 14, 16, 26 
proper, 29 


EQUIVALENCE, 152f., 173f. 
Eratosthenes, 94 
Euclidean algorithm, 233 
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even, 29 
exponent, ‘‘belonging to,” 104 


FarEyY sequence, 131 

Fermat conjecture, 50 
Fermat theorem, 50 
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function, number-theoretic, 29 
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Gordan, 33 y 
greatest common divisor, 14, 16, 26 
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MATRIX, 207 
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Mobius function, 32 
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mod, 37 
modulo, 37 
modulus, (37), 38 
multiple, 11 

smallest common, 27 


NEGATIVE definite form, 172, 173 

negative integer, 11 

non-residue, 53 

number-theoretic function, 29 
equality of, 110 

number theory, usefulness of, 33 


opp, 29 


PELL’s equation, 76 
perfect number, 29 

odd, 30 
n(&), asymptotic properties of, 88 
pigeon-hole principle, 42, 78 
positive definite form, 154, 172 
positive integer, 11 
primary representation, 183 
prime (prime number), 18 
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prime-number theorem, 19, 88 
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primes, infinitude of, 19 
primitive form, 178 
primitive root, 106 
proper divisor, 29 
proper representation, 180 
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imprimitive, 178 
indefinite, 172 
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primitive, 178 
reduced, 168 
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RECIPROCITY law, 58, 68 
reduced set of residues, 42 
relatively prime, 16, 26 
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representation, improper, 180 

primary, 183 
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proper, 180 
representative system, 187 
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classes of, 38 

complete set of, 42, 43 
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reduced set of, 42 
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primitive, 106 
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